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ABSTRACT :An algorithm 1s presented to seclve the problem of
stabilizing linear timae invarlant discrete syslems wusing oovlput

fsedback.The algorithm is based on transforming Lhs problem into &
functlonal , a darivod sufficient condltion for stablliity , Lo bea

minimized using nonlinear optimization tachnigques 4 An
i1llustrative exawmple is giveo to support theoratlcal
invastigatlions.

I. IHTRODUCTION:

The regulator or feedback stahllization problem 1ls the basle
problem that control theory attempts to solve .Many design
proceduras can only be initinted after a mnominal stablllzing
controller has been fouund .Racently ,Lherve has been a lot of
activity in the area of stata feoadback stabillzation of discrete
time control system |1}

I[f not all state varisbles are available, as s usually the case
in practice,becsvso althar some of tliem arve nobt accessibla or the
cost makes it impractical for Lhe designar Le ubilize measuring
devlices for every stata varjahle. I'hls 15 an output faodback
stablllzatlon problem. In this case a predictlon estimator, or a
current estlmator [1] is used to reconstruct tha state vector to
implemant a fesdback control lnw. Such easltimators L however, are
dynamic in nature and usually of high order, thus thelr use ic not
practical vhon the deslgner danla with a high dlwansional  system,

Howaver, except for vary speclal cases , there are no analytic
solutlon avallable to solve the stabilizatlon problem when the
controllers ordar is limlted to a low flxed value. Exlsting

solutions to stabllization problem can only gensrats controllers
that are of high onough order that arblitrary pole placement
becomes possible [2). In generanl, all these deslgn methods generate
unnecessarily high order contrellers if stabillzatlon is tha only
requirement. Extenslve resecarch in Lhe preblem of destguning low

order controllers has been done by many rasearchers [3,4,5). The
last approaches [4,5] fall 1inte Lhe class of modnl raduction
problems. -

The algorithe that ls given depends on Lhe paramoterlzatlon of

the output feadback stabilizatlon problem. TIn nsectlon TI, the
output feedback stabllization problem 1Is formulated as an
optimizntlon problem, ond section [11 describes how the chosen
objectiva funcltion con bo 4 imtzed 1barakively wvsing a gradlent
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type minimization algorithm . Jn section IV an dillustration
example is gilven.

1I. OUTPOT FEEDBACK CONTROLIERS
Consider the linear time invariant plant
X(t+1)= A X(t)+ B U{t) Xe B0 - BLY « Rl (1)

T(t)= C X(t)
cascaded wiﬂh static cutput feedback controller

U{t)=F ¥(t) (2)
Notice that generalization to dynamlc compensoators of order p can
be easily cgst into a static output feedback problem.
The closed loop system is given by

X{t+l)= (A+ BFC) X(t)= G x(t) (3)
Let A denotes a symmetric set of n complex numbers{(i.e. complex
numbers occur iIn complex copjugate pairs) and let

F(A) = { F/f = R a(ay A -3 (1)
wherae A(.) indicates B set of ecigen values. The stabilization
problem is that the specification of A to be simply a connected
region 0 £ D {(the unlt cirole of center oxrlgin ). In other words
determine the family

Fi) = (67 Fe R (@) < a < b3 (5)
This stabilization problem has a solution if ond oaly if
28y ¢ 1 (6)

where p{.) 1la the spectral radius of (.). The problem is to find
the matrix F auch that (6) ils salisfied. One way of dolng this 1=n
to minimize
J= o(8) -1 (7}

by lebting A (@) range over the reglon O <« D .A solution to the
stabilization problem is achieved if and only if J becomes <0 .
Minimizing J can be carrled out by any standard nongradlent type
optimization subroutine .For reasons of =npeed and accuracy of
solution of this minimlzabtlon problem, it is preferable to use a
gradient based algorithm. PFor thls purpose, the c¢losed form
exprossion of the gradient of +the objective function J with
reaspect to thoe variable matrix I’ is evaluated . These details are
given next.

ITI. STABILIZATION ALGORITHM
The gradlent & J/8F ,where J 1in given in (1},is difficult to
cbtain. An easy expression can be derlived 1L J is replaced by
another cobjective Tunction

¥ e n?® (8)
when J Dbecomes <0 ,this raépre=ments only a sufficlent condition
for astabllity . Rhexe § (.} # is the Euglidean nerm of (.).
Tgeorem= Given the cobjective function J in (8) ,the gradient of
J with respect to the independent matrix I is

o 3%/ 0 7 = 2 BT( a+ srey T (9)
Proof:
From {(8) ,we have

¥z tr ¢ @7y -1 (10)

where tr{.) denotes the trace of (.) and the superscript T is the
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matrix trenspose. To compute BJ* /2F , G is changed to G+ AG and
the first order change is

AI¥=te(B.AF.C) Gr+tr(G)(B.AF.C)

=2tr(G) T (B.AF.C)=2 1rC.G B.AF
Than the gradient matrix is given by

03*/ or =28T (a+pFC)C! Q.E.D (11)
The vegotivity of the functional (8) is a sufficienl condition for
stabillty , consequently it gives unnecessnrily high gains for the
foedbaclk matrix F. To overcome thia difficulty, the functional (8)
is reduced iterantively and in each iteration ,stability check (7)
is carried out.

1V. AN ILLUSTRATIVE EXAMPLE
Stabilize the system
X(t+1) = AX(£)+BU(t),Y(Lt)=CX(L)

where 1
- 1 _|0
Am [%.5 1] B'[IJ
C=T1 0]

From (8) , J3=B.25 +5 £+£° -1
From (9) , 0J"/0£=2.5 +f =0
-~ B2 2.5

V. CONCLUSIONS

The results glven here are algorithmic in nature .'I'he alporitbhm is
very simple and attractive to solve thoe problem of output Fecdboack
stabilization for discrote syntema. As  any obher optisizalion
technique the solutilon depends on the number of iterations and khe
initial conditions started with.
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