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ELASTIC LAYER 

Menoufia University, Faculty of Science, Department of Marhematics. 

ABSTRACT 

The problem of propagation of an elastic wave in a layer 
occupied oy an elastic medium has been investigated. It is 
assumed-that the external boundary of the elastic layer (y = 0) is 
subjected to an inclined load which .propagates with constant 
speed D. The lateral and vertical displacements produced by the 
Ioad are taken into consideration. The sr$sses dismbution have 
been calculated. 

1 - INTRODUCTION 

The problem of elastic wave propagation in a layer has been studeid by 

several authors s x h  as Rackhratolin (1975), [7] Von, ~a&nan and Duwez 

(1350), 163. Various generalization of these problems were studied by.Shapiro 

(1946), Sokolovski (1948), 19, 101 and Rackhmatolin (1960), [8]. 

The three-dimensional problem of elastic wave propagation has been sohed 

by El-Dewik (1975), [I]. The problem has been studied when an instaqtarteous 

constant Ioad acts on the boundary of elastic halfspace. The load is taken t f* act 

perpendicularly to the boundary and rhe lateral displacements were neglected. A 

similar study of this problem was casried out Ln the case where the load is -the time 

dependent (El-Dewik, 1975 a) [2]. - 

The twoaimensionaI problem was treated under the assumption that 

propagarion Ioad acts perpendicularly to the boundary (El-Dewik, 1977) [3] .  The 

solution was obtBined taki~g into account the vertical displacements, whereas the 

lateral displacements were neglec~ed. A similar problem was solved (EI-Dewik, 

1981 141. the solution was obtained taking into consideration the lateral 

displacement ss well as the vertical one. The soluxion was carried om w k n  tibe 

load m a g a t e s  whh velocity equal the velocity of Ion$tudinal wave. 



The effecr of a moving load ........ 

Nevertheless, the problem of propagation of elastic-plastic wave in the half- 

space has been recently solved (El-Dewk 1982) 151, under the assumption that the 

propagation load acts perpendicularly to the boundary. 

In the present work the dynamic problem of elastic wave propagation in a 

layer has been studied when inclined loads act on the boundary of elastic layer ( y 

= 0). This load is assumed to propagate with a constant speed D on the boundary. 

The problem is solved taking into account the lateral displacement as well as the 

vertical one. 

2 - SOLUTION OF BASIC EQUATION 

Let us consider an el'astic infinite layer occupies the domain between y = 0 

and y = h in the Cartesian coordinates. Consider that there exists ;In inclined load 

acts on the boundary which propagates with a constant speed D. The relevant 

equations of motion for the lateral and vertical displacements u and v respectively, 

are : 

ao a2, 
(A + P) - + = p - 

Where 

-. 
an&e suface conditions are : . 
at y = O ,  - - <xc- 

o = Po 6 ( x + Dt) sin a 
YY 
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o = p 0 6 ( x + D t )  cosa 
XY 

Where a is the angle between the load and the boundary y = 0 and : 

ccrn?onents of lateral 23d vertical di~!ar:sments cm be e x ? r ~ s e d  in terms of 

potential function cp and yt as follows 
' a? 3v 

= --. - - 9  
..I 

OX 2y 
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- 2 )  ( -  + -1 + 2 -  - 2- =poG(x+Dy) sina, 

a 2 ax2 ay2 a 2  a x a y  

3% 3% 3% 
2 + - = po 8 (x + Dy) cos a, 

a x  a, a? ax2 

T i e  initid condition at t = 0 is 

If we use the transformation x = x' + Dt, y = y' then the equations (1, 5) will 

take the form 

solu&n of the problem may-be u.ritten as follows : 

Substituting from (1.9) in (1.8) we get 
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L - 
91,2 =+ (-1 - 1 and q3,4 - + ( - - 1  

D D 

where ( ql, q3 ) and ( q2, Q) correspond to the positive and negative vdues, 

respectively, in the above relation. 

Therefore, the general solution of the problem may be written as : 

'P = fln=l ,J * % e -kq ny sin lat CUC, 

Where A1, A2, A3 and A4 are unknowns which may be obtained from the 

boundary condition (1,6). 

Using condition '(l,6) : 

Po sin a 

x4 n.=l ( an -dl A, = , 

X 

p0 cos a 
2 - 24,,, q n  - 1  An - , 

K 
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Solving the above equations we get : 
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Fmm (1,4) and (1,12) the components of the displacements will take the form : 

-ks, Y 

cos kx dk 

v = I;wn=l J w  ( s inkx-cosk~)A~kq,c  dk 

From Hook's law the components of suesses will LsLc the form 

Using (1, 12) and (1,13) we get : 



The effect of a moving load ........ 

2ppo sin a a4 b4 a 2 2pp0 cos a b 
7 

Oxx = r + 2 - 1  I :I - ( ) - - 1 1 1 ~  

a D~ a4 b2 K D 

Similarly : 
2pp0 sin a b4 b4 a 2 2pp0 cos a b 

and 
2pp0 sin a a ' 2pp0 cos a b 

- I ( !  2 + 11I1- 2 Ly - I ( >  -11I2 
a D - x D 

Where : 
sin[ak@+y)l 

I1 = Jw - cos kx CUC , 

sin 

and 

sin (akh) 

The integrals Il and 1, are calculated as follows : .. 

= cos a ky + sin (aky) cos (a kh) 
sin akh 

1 

= cos a ky - - [ cos ( a k (2h + y )] 
2 - - -. 

- cos [ a k (2h - y)] [ 1 + cos (2akh+ cos2(2alh) 
+ . . . . . + cosn (2 &) + . . . . . ] 

1 
= cos (aky) - CW 'nn=o (cosak (2h+y) 

'=o 
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i- 2(n -2m)khI -cos  [d~ ( -2h+y) ,+2 (n -2m)kh] )  

Where : 

,m are the coefficients of the Newtoniai polynomials 
n 

Therefore, 
1 I 
- [ 6 ( x - a Y ) + G ( x + a y ) ]  -ZOOn4 z",,~ crnn ( [ 8 (a(hty) i-x i 

2 2 n+2 

( n - h ) ]  -6[a(h+y)-x+3ah(n-7m)]-6 [ a (h+y) -x+2ah(n -3 rn ) ] ) .  

Also we have 
(2n - 1) 

12 = rn, C " , ~ C ~ ,  IF a @+y) + x + 2a 11 f n  - 2mj) - 
, ,2n + 5 n. - 

- 6  { a ( h + y ) - x + 2 a h ( n - 2 m ] ] .  
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