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THE CHARACTERISTICS OF LATERAL CRITICAL SPEEDS OF
FLEXIBLE ROTORS WITH RIGID SUPPORTS

By
* *%
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ABSTRACT:

A pimple method of caleulation of lateral critieal speeds
of flexible rotors with rigid supports is presented, The method
is mainly based on the former work of Mykleatad and Prohl and
considers the shaft to be devided into a number of finite elements
connected by maspless elastic sections, A digital computer program
i8 then prepared to solve the finite equations resulting from the
analysis. By means of this program, the critical speeds of flexible
rotors can be predicted at different stiffnesses of the rigid eup-
ports and the mode shape of the whirling rotor is predicted. An

actual case of a centrifugal compressor rotor having different cha-
racterintica is considered.

INTRODUCTION:

The high performance of turbomachines, such as turbines
and compresasors, requires a high speed rotor dealgn. An accurate
dynamic analyails is required to determine the lateral critical
epeede of such high speed rotor-bearing systems, The standard app-
roath used to evaluate the critical speeds involves the calculation
of lateral critical speeds for the undamped rotor-bearing system({i7¢
Pollowing this, the evaluation of the mode shape of the whirling
rotor 18 made and the relative deflection of the rotor at the un-
damped critical speede is analyszed. The next step is the deter-
mination of the steady state unbalance response and the stabllity
analysis.

In this stage of study, only the first part of the analysis
is considered. The differential equation of motion for flexural
vibration of a balanced shaft is analytically solved. The method
of solution is a kind of Holzer(2] similar to Mykelstad[3] and
Prohl (4] methods. In thim analysie, the rotor is considered to be
divided into a finite number of sections connected by masasless
elastic sectiona, A tal computer program ia then prepared for
the solution of the diiferential equation, The input sata to the
computer progrdm are those of an actual centrifugal compresaor
having different characteristics.
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THEORETICAL ANALYSIS:

The differential equation of motlion for flexural vibra-
tions of a balanced shaft of variable cross-geotion is

a2 a2
e ARl SRR ™

where EI i1a the flexural rigidity of the shaft, The above equa-
tion is a fourth order differential eguation, the solution of
wkich gives the critical speeds of the rotor, A& speclial computer
program las deviced for asclving equation(1) hased on finite sec-
tions of mass points connected Dy massless shaft sections, each
section having a conatant moment of ilnertia.

The common method of analyals used is to express the dyna-
mic configuration in terms of influence numbers resulting 1n a set
of amplitude equations, Thease equationa are then solvedngy itera-
tion method. This 1a done by assuming a certain frequency and pro-
ceeding succensively through the aet of equationas, gour in number,
to finally determine an error value, Regeating the same procedure
another value of the frequency is used 10 minimize the error. The
method of computation iz a klmd of Holzer type and similar to
Mykleatad and Prohl methods.

As the rotor is whirling in a deflected aga 8, there will
be a centrifugal force of each mass equal to (Ww /z)y and a

epring force restoring the rotor equal to (ky). The reanlting
force 1s then:
W

[ — «kJY
E

The spring force will be neglected except in dearing stations
where k will be the bearing stiffness.

Yrom beam theory,
2

sz—ﬁ - N

Thus, equation (1) may be rewritten in the form,

2
d—_:. - pu}zy (3)
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AIBO. d“ = V

™ (4)
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Prom the above equations, and based on dynamic equilibrium and
geometry, the following relationships can be written,

Vo = Vpog * Mooy 27n~1 (5)
Mp = Mpog + Vp Ipy (6)
2
In = ;n;; M- :n;l (Mpoq * Vo Tpog)> 8 g Ty *+ Ty
2
- 2n-1 Mpat * ;2%} Vo * Opy Iy 1 * Tpet (7
o -0, L”‘ '3 ‘R"I v (8)

The above equations, (5) through (8), are derived from the basic
beam equations, the guantities represent,

2
5L
E—EI Pangential deviation or vertical distance frow point on

the beam at station (n) to the tangent at station (n=-1)
due to unit moment at station (n-1

Tangential deviation or vertical distance from point on

the beam at station (n) to the tangent at station (n=i)
due to unit shear force at station (n-1).

by Slope of the bteam at station (n) relative to the tangent
EI at atation (n~1) due to unit moment at (n-1).

LZ
n_ Slope of th? be?m at station (n) relative to the ant
- 51 2t station (o~1) due to unit shear force at station n-1)

The solution of equations (5 through 8) gives the oritical
speed of the whirling shaft provided selection of proper boundary
conditions i3 made, Such boundar{ conditions depend on the end
conditions of the ahaft and the locations of the bearings.
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METHOD OF SOLUTION:

The critical gpeed is defined as the speed at which the
forece and moment at both ende of the shaft are sero, In general,
four boundary eonditicns defining the quantities V, M, 0 and y
must be available for the solution of egquations (5 through 8),

Two 0f these quantities, V and M, are defined at the left end
where they are equal zero (overhanged end). The deflection y and
the slope @ are considered unknown. The soluticn can be carried
cut into two parts giving the values of unity and sero to the def-
lection y and the slope 6, alternatively, ae follows:

Pars 1 Part II
My = O My =
¥y =0 Vy =
F,o= 1 y, =90
9, =0 @y = 1

At the other end of the shaft (alsc overhanged end) the ahear
force and bending moment shouvld also egual zero, so that,

Veigng * 0 and Mg gt = O

This will result in the following =et of equations:

(vrigh‘t ATRE (vrighty1)II =0 (9)

(Moot 9101* (Megene?e)1r = © (10)

wvhere the subaecripts I and II denofe boundary conditions of parts
I and II of the solution. A condition exiating when V¥ and

right
Hrightara both zero is that the determinant,

D= (Mpyont "rignt )1 = Mraght Vpient Jrr = 0 (1)

Plotting a curve between the valuea of the determinant D and the
speed of the rotor, the intersections of the curve with the axis

repreaenting the rotor speed give the critical speeds. The compu-~
ter program ia prepared to supply the mode ghape at the corres-
vonding critical speeds.
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RESULTS:

An example of the ahape mode of the rotor at the corres-

ponding critical speeds is ashown in figures (1) and (2). The
presented example is the case of a centrifugal eompressor, the
length of its rotor is 2.71 m., the bearing aspasn ie 2,34 m, and
ito welght ia 6%4.4 kg. The detall of the rotor dimensions im
pregented in Table 1. It should be pointed out that the data which
appear in Table 1 are in English aystsm of nnits aimilar to most
data existing in the industrial field., Bowever, the computer prog-
ram 13 prepared to handle datas in both English and Fremch systenme
of units, The sctual compreasor used in this analysis is a multi-
stages compressor having three impellers and is coupled with the
driving unit (eteam turbine) by a gear type coupling., In thie
analysis, the common standard of decoupling the eo a8s0r and

the driver in the coupling was adopted by adding 7 the weight
of the coupling to the weight of the rotor as an overhanged weight,
The influence of the driver on the lateral vibration of the comp-
resser is neglected. A computer run was performsd with anm arbitrary
value for the atiffrnese of 9920 kg/em.

DISCUSSION:

The use of 4igital computers has facilitated the sclution
¢of vibration problems. In this analysia, a computer program was
written in Fortran IV language to solve the problem 5f lateral
vibrations of flexzible rotors as represented by equations (5 - 8).
The disadvantage of this method 1s the need to a relatively high
capacity computer. Since the preliminary estimation of the reguired
core wan around 112 X, an overlap technique was adopted to handle
the solution.

From figure (1), it is clear that the influence of the coup~-
ling on the mode shape is major. Consequently, any misamlignment or
unbalance in the coupling will be a direct reason for the increase
in the level of vibration., The rocking mode ghape of the rotor at
the second eritical speed, figure (1), is due to the low magnitude
of the stiffmess. In practice, the atiffneass of the bearing should
be determuined first and then a value around the actual stiffness
is introduced to the program.

The reason of the low magnitudes of the critical speed is
the exagerated added weight to the coupling to the study of the
influence of a possible rotating unbalance in coupling. Also, the
shaft eontained an undercut next to the thruat bearing to study
the influence of the thrust bearing weight. The reduction in ehaft
diameter due to0 the undercut reduces the spring force and, conseq-
uently, decrsasing the critical speeds,
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CONCLUSION:

The described method of solution of beam equations presents
a simple method of solution., The resulis provide direetly the mode
shape at the corresponding critical speeds. In the field of turbo-
machinery, the method is 2 practical %ool for the designer to pro-
cead with the rotor response atudy. Por the field engineer, the
method faoilitates the search for the origins of high vibration
levels in operation,
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SOMENCIATURE :

latin Symbols

Modulus of elasticity

Gravity acceleration

Moment of lnertia of the cross-section
Length of the finite sections

Bending moment

Shear foree

Weight of section

Coordinate in longitudinal direction

Defleetion

Greek Symbols

@ Slope of the elastic line of the deflected shaft
p Weight of the rotor per unit length

w Angular velocity

W X E<<SEHHR
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