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ABSTRACT, 

THE CHARACTERISTICS OF LAfERAL CRITICAL SPEEDS OJ 
YLEIIBLE ROTORS ~ITH RIGID SUPPORTS 

II. A. JIa1a.n* and M. A. II. Shaboua"* 

A silllple method ot calculation at lateral critical speeds 
ot nexible rotors with rig1d supports is pres .... ted. The aethod 
is _iDly based on the tormer work ot Myklestad and ~hl and 
considers the ah&tt to be deTided into a number ot t1nite eleaente 
connected by massless elastic sections. A dig1ta1 co.puter program 
1. then prepared to solve the tinite equations resulting trom the 
ana1ysis. By aeans ot this progra.m, the critical speed .. ot ne:dble 
rotors can be predicted at difterent stittnesses ot the rigid sup­
porta and the mode ah&pe ot the whirliog rotor is predioted. An 
actual case ot a centrifugal compressor rotor haTing d1tterent cha­
racteristics is considered. 

IJl'.fRODUCTIOII: 

The high pertorma.nce of turbo ..... chlnes. such as turbines 
and compressors, requires a higb speed rotor design. An accurate 
dynamic ana1ysis is required to determine the lateral critical 
speede ot such high speed rotor-bearing systems. The standard app­
roach used to evaluate the critical speeds involTes the calculation 
ot lateral critical speeds for the undamped rotor-beariog B1steaC11t 
Following this. the evalue. tion ot the mode shape ot the wbirling 
rotor is made and the relative denection of the rotor at the un­
dsaped critical speeds ie analyzed. The next step is the deter­
mination of the steady state unbalance response and the stability 
ana1ysis. 

In this Btage of study. only the tirst part ot the analysis 
is considered. The difterential equation ot motion tor tlerural 
Tibration ot a balanCed ehatt is analytically solTed. The method 
ot solution is a kind of Holzer[21 similar to MykelBtadr~l and 
Prahl [~l methods. In this analysis. the rotor is cODaid.ered to be 
divided into a tinite number ot sections connected by massless 
elastic sections. A digital computer program is then prepared tor 
the solution ot the di?terential equation. The input data to the 
cOlllputer program are those at an actual centri1'ugal call1presBor 
having d1tterent characteristics. 
* Lecturer. Mech. l1li&. Dept •• lIalleaura lJn1vere1ty 
**Lectlll'er, Mech. Design a: Prod. EDg. Dept.. I!ou1soura lJn1 versity 
+ Nuaber in brackets reter ta reterences at end at paper 
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'I'lIEOlIMIOA.L AIIUYSrs: 

The d1tter8l1tial equatioll. ot IIIOtiOIl. tor fie:n:ra.l ... 1bra­
tiou ot .. balanced Bhatt ot Yar1able cros ..... eetioll. 1s 

(1) 

where l!l is tho fiOl:ural r1pd1 ty ot the Bhatt. !he abo ... e oqua-· 
tiOIl. is a tOllrth order d1tterential .quatiOIl., the 801utioll. ot 
whioll gi ... es the critical speeds ot the rotor. A S'pecia1 oOll1>uter 
program is dEIT10ed tor eol '0'111.& eq'tlatioll.( 1) based 011. f1l11 te sec-
tiOIl.S of .... s points oo ..... ct.d by II&ssle .. sbatt s.c101ons, eaoll 
s.ctiOIl. ba ... ill.& a coutant IIICllen10 of inertia. 

The COlllllOn .ethod ot analysis ued is to e%pre .. the dJD&­
onic cOII.f1guration in teras of 1nfiuenoe 1I.l2llll1era reaul till.& in a set 
of aIIpl1 tude equatioll.s. These equatione are 1hen Bol ... ea by itera­
tion ... thod. This is done by us1llll111.& a certain frequency and pro­
ceeding success1 ... ely through the set of equations, fOllr in nlllDber, 
to !1nally deterlllin. an error ... alu.. Repeating the Sail. procedllre 
another ..... lue of the trequell.cy is used to oninionize the error. !he 
method of cOlllputation 18 a k1Jod ot JI01 .. er type and s1111:1.1 .. r to 
H1klestad and Frohl methods. 

All the rotor 1s whirling 111. a defiected s~,P.' there will 
be II. centritugal force of each mass equal to (If ... !g)y and a 
spr1ng force restoring the rotor equal to (ky). !he r.sl11 ting 
force is theil.' 

[ If";' 
g 

- k J 1 

l'he sprill.& force will be neglected e:z:cept ill. bear1ll.& statiOIl.8 
where k w111 be the bearing stif!l1ees. 

Pro .. beam tbeor,r, 
2 

II ~ = II 
d.1: 

l'hu, equation (1) lIBy be rewritten 111 the fol'll, 

UIIG, 

2 • pw Y 

• V (4) 
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ho. the abo ... equatiol1ll, aIld based on d:ynaaie eqn11ibr.1. .... aIld 
geolle'tr7, the following relationships !tan be W1'itten, 

2 
1n-1 

2 
+ Ii-1 V 

2 EI n 

( 5) 

(6) 

L 1 + v 1 n- I n_ 

(8) 

'rhe abon eq_tiona, (5) thro~ (8), are der1nd !'roll the ba.eic 
beaa equations, the qDantities represent, 

L2 
n 

2J'! 
!angential de'9'i"tion or vertical diatance !'ro. point On 
the beam at station (n) to the tangent at station (n-1) 
due to unit moment at station (n-1). 

Tangential de'9'i"tion or vertical distance !'rom point on 
the be .. at atation en) to the tangent at station (n-1) 
due to unit shear rorce at station (n-1). 

L" Slope or the beam at station (n) relaU'9'e to the tangent 
RI at station (n-1) due to unit moment at (n-1). 

L2 
n Slope of th~ beall "t station 

2 RI at station \n-1) due to unit 
(n) relati'9'8 to the tangent 
shear rorce at station {n-1) 

'rhe solution of equations (5 through 8) gives the oritical 
speed of the whirli~ shart pro'9'ided selection of proper boundary 
conditions i. made. ~uch boundary conditions depend on the end 
oonditions of the ahart and the locations of the bearings. 
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I'lI1'IIOD OF SOLll'lIOIl, 

!be c~1t1cal speed is defined as the speed at which the 
force a.nd Ilollent at both ends of the ahafi are sero. In geenl, 
four boundary conditions defining the quantit1es Y, K, g and T 
must be ava11able for the solut10n of equatioDB (5 through a). 
he of these quanti ties. Y and K, are defined at the lett end 
where they are equal aero (overbanged end). '!'he denection T and 
the slope • are considered unlmown. The solution Can be carried 
out into tvo parts giving the values of unity and .ero to the def­
lection T and the slope g, alternativelY, ae follows, 

Part I Part II 

M" • 0 Ml ~ 0 

'11 • 0 '11 • 0 

7, a 1 y, • 0 

III • 0 Q1 • 1 

~t the other end of the shaft (also overhanged end) the shear 
foree and bending moment should also equal zero, so that, 

and "right' 0 

This will result in the following set of equations, 

(9) 

( 10) 

where the subscripts I and II denote boundsry conditions of parts 
I and II of the solution ... condition existing when '1 h and 

r g t 
I'lrightare both zero is that the determinant, 

D. ("right Vright )1 - ("right 'right )11. 0 (11) 

Plotting a curve between the values of the determinant D and the 
speed ot the roto~. the intersections ot the ctIX"l'e with the axis 
representing the rotor speed give the crit1cal speeds. The compu­
te~ prograJII is prepared to supply the mode shape at the corres­
ponding cri "t.1cal speeds. 
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RESULTS: 

A.n eX!IlIIple of the abape IIOde of the rotor at the corres­
ponding critical speeds i8 shown in f1&ures (1) and (2). 'rhe 
presented eX!IlIIple is the case of a centri!Ugal eoapressor, the 
length of its rotor is 2.71 III., the bearing 9p811 1e 2.'S4 III. and 
its weight is 6'4.4 kg. The d.tail of the rotor dilleuions 1e 
pre ..... ted in !able 1. It should be pointed out that the data which 
appear in !able 1 are in _lish system of 1UI1 ts s111111ar to IIIOst 
data existing in the industrial field. Boweyer, the computer prog­
ram is prepared to handle data in both English and Fre1Ich systems 
of 1UI1ts. The aotual compressor used in this analysis is a IIIulti­
stages compressor having three impellers and is cospled with the 
driying 1UI1 t (steam turbine) by a gear type coupling. In this 
aualye1s. the oOll\lllOn standard of decoupling the eoapressor and 
the driver in the coupling waS adopted by adding half the weight 
of the coupling to the weight of the rotor as an oyerllang.d Weight. 
Th. 1ntl u.""e 0 f the driver on the lateral. Yibra tion of the comp­
ressor is neglected. A cOlliputer = was performed with an arbi trary 
value for the stiffness of 9920 kg/e •• 

DISCUSSION: 

The use of digital computers has facilitated the solution 
of vibration problems. In this analysis, a computer program "as 
written in Fortran IV language to solve the problem of lateral. 
Yibrations of flexible rotors as represented by equations (5 - 8). 
!be disadvantage of this method is the need to a relatiyely high 
capaci ty computer. Since the pre11lll1nary estimation of the r<!qu!red 
core was around 112 K, an oyerlap technique "as adopted to handle 
the IIOlution. 

From figure (1), it is clear that the influence of the coup­
ling on the mode shape is major. Consequently, any misalignment or 
unbalance in the coupling will be a direct reason for the increase 
in the l .... el of vibration. 'rhe rock1ng mode "hape of the rotor at 
the second critical speed, figure (1), is due to the low magnitude 
of the stiffness. In practice, the stiffness of the bearing should 
be determined first and then a value around the actual. stiffness 
is introduced to the prograJII. 

'rhe reason of the low magnitude of the critical speed is 
the eltSgerated added weight to the coupling to the study of the 
1ntluence of a possible rotating uuhalance in coupling. Also, the 
abaft oontained an undercut next to the thrust bearing to study 
the influence of the thrust bearing weight. The redllction in abaft 
diameter due to the undercut reduces the spring foree and, conseq­
uently, decreasing the critical. spe.ds, 
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COI!CLllSIOI! : 

The described method ot sol .. 1:.1oll ot beu eqW!.tiollB presellta 
.. s1mple ... thod ot solution. The ""sul ts pzoyide d1_t1y the IIIOde 
shape at the co:ttespoDding cri 1:.1cal speeds. III the field ot turbo­
... chaery. the method is .. practical tool tor the dee1gller to pro­
ceed wUh the rotor Nsponee atndy. ll'or the field eDgineer, the 
method tao1li -tates the search tor the orig1 ... ot high Tib",..tion 
leTels 1n operation. 

This study is supported by the raoul ty ot l!I!:lg1neer1Ag, Man­
soura ~iTersity and the computat10ns are pertormed in the Compn­
tation Ceuter ot Zagang llniTersi ty. The authors would like to ex­
press their gratittlde to the h.cul ty ot Ellsineering ot Mansoura 
for the support they have rec1eTe4. Thanks are owed to Eng. Adal 
El-Desouki of the Civil Engineer1ng Department tor hi. sincere co­
operation during the compntation 1n Zag ... ig Computation Center. 
AIso thanks are owed to Eng. S. Abou Rayan ot Abukir Fertiliser 
Company tor the supply ot the necessary tield data. 

NOMEI!CL!'l1lRE: 

Latin S:mbols 

E Modulus at elast10i ty 
g GraT1ty aoceleration 
I Moment ot 1nertia of the oroes-seotion 
L Length a t the f1n! te see1:1ons 
M ll4tnding moment 
V Shear toree 
W Weight ot seot10n 
x Coordinate in 10ng1tud1nal direction 
y Deflection 

(!:reek mbol. 
Q Slope ot the elastic line ot the deflected shatt 
p "eight ot the rotor per un! t length 
w Angular velocity 
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rig.1. The mode shape of the rotor at the second critical apeed(rocking mode). 
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