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ANALYBIS OF TRANSIENT !EAT CONDUCTION
IN & 2-D RECTANGULAR FIN WITH CONBTANT HEAT FLUX
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ABSTRACT

The objective of this work is to investigate the 2-D heat
conduction in a convectively cooled rectangular fin whose base s
sub jected to constant heat flux with different fin tip conditions.
For this purpose an analytlical steady-state solution s  obbained
based on the traditional approach ( segparation of wvariables),
Sotution aof the transient case of thia problen 1g obtalned by
applylng a new daevel oped dimensionleas finlte difference
techniguse.

INTRODUCTICON

Many fin problems have been studiesd for one-dimensicnal case with
simple boundary and initfal conditions. Analytical steady-state
solutions for some cases with simple beoundary conditions are
reported in [1,2]. Recently, MA &t al. [3] abtained snlution far
the 2-D steady-state problem in a rectangular fin which is
convectively cooled with variable heat transfer coefflcient, The
heat conduc tion problem in semi-infinite salid with
temperature~dependent material properties has been studied in [4].
Transient heat conduction for ‘Scme simple geometries and initial
and boundary conditicns has been investigated in ({21, Transient
conduction in a 2-D fin, which is convectively cooled and its base
is subjected to a sudden step temperature change has been
investigated in [5,81.
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The problem of heat conduction inm a 2-D rectangular fin, which is
convectively cooled and ifs base is subjected suddenly to a
constant heat flux has not been investiogated before. This case is
widely applied in the field of solar energy since the absorber
sur face serves as a fin on the absorber tubes [7]. In this study,
a regular separation of wvariable technigue is applied to the
steady-state caseé of. this problem. The transient case «of this
problem is attacked by applying a modified dimensicnless finite
difference technique which is similar to that developed by the
author and repotred in [&].

PROBLEM FORMULATION AND SOLUTION

Condider the 2-D rectangular fin (2b'xL) where both the upper and
lower surfaces dissipate heat by'to a surrounding at a temperature
Tm with constant heat transfer coefficient hy, as shown in Fig.la.

Furthermore, the tip of the fin fhas a constant heat transfer

cogfficient h1 and the base of the fin is subjected to a constant

heat flux q_- For constant thermophysical material properties and

no heat generation, the steady-state governing equation for the
twun—dimensional fin is:

- .
R L
%5 o 3 (1)
. ay
and the boundary conditions are:
* *
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Defining the following dimensionless guantities,

‘* 3
x = x /L, y =y /b, e =b'/L, H'= hb'/k, Hy = b L7k,
1% T:
T = Cuwicll Bl = hi/¥k,

aquation (1> can be transformed into the following dimensionless
form:

2 2
T T
g LI 03
I al” dy
The beoundary conditions are:
AT (%, 00
——d =D (4a)
dy
AT (w, 1 .
CARE TR TS = - HY T{x,1) = &' (Bi/2) T(x,1) (4b)

dy
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(a) Schematic diagram
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(b} Mesh design

Fig. 1 Two-dimensional rectangular fin
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Selution of Ed.6 is.given by:

Y(y) = Dn ¢n(y) (8
where ) ¢, (y) = cos (o'X y)
and the eigenvalues of kn areg positive roats of the tramnscendental
eguation tn tan tn ='hb'fk = Bi &'
‘ot
where (n £ hn
Bolution of Eq.7 1ls then given by:
A x —hnx
X(x) =Ae  +Be (2
Applying the homogeneous boundary condifion at x = 1, Eg.9 becomes
TA_x ZKn —knx
X (x) A e +Ee e )- C10)
A+ (h, /KD
here E = _n__l__
v X, = 0
Substituting Eqs.B and 10 into Eg.5%, we tet
@ { x/e' 20 (1-x) /e
T(xh,yyd = E a, e & [ 1 +E @ ] cos (ny (113
n=1
where a = C. A. Applying the nonhomogeneous boundary condition in
b
the » divection géing; = —{, we abtain
® 2(_ /€
- = i - ' :
1 2 a (¢ /el ~Ee ) cosl_y €123
n=1

Using the property of orthogonality €13, the coefficients a_ may
be ¢alculated by the expression:
i

_ 20 ‘e of (~1> cos({_y> dy
a (I /eyl - E e o= =
n n : 1 £
of cosT y) dy
-2 sin(n . i
= - ! -
(1 -Ee )
tn + Hls'
where E Is then given by: ' E = ——m =
(n - Hle’
To obtain the transient temperature distribution for the spexified
problem, the finite difference technique is then applied. In the

finite difference technlque,fthe region of interest is descretized
to M and N nodal points in the » and y directions as  shown in
Fig.lb. Energy balance is then' gpplied to each nodal paint and the
dimensiconless temperature of 'the nodal peint i, is obtained in
the following form
t+AE t t t t
T,y 8 * SRR PR U L PR - LEST I I PLE TSI
+ aST

) C14)
Ly i
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#
i At
where the $ime interval At = AFo = = -
. fesl .
The coefficients aD,al,az,aBiaq, and ag which satisfy the boundary

conditions (Eqs.4) are listed in the table below, where

A= At Mz, A= At H1 M, B= ﬁt(N/er, C= Z(N/g)At Bi, and D= M At
Node a_l 3 a, a, a, A
Interior o A A B B
Row 1=1 0 A A | G ZB
Row I=M . 0 A A 2B (e
Calumn J=1 D o A E 5]
Calumn J=N ' o 2A 241 | B B 1 - 8y T 85, T Ay T a8,
Corner 1,1 D Q A C =B
Corner |,N ] 2A 201 © 28
Carner M,1 D o A 2m C
Corner M,N ¢ 2A 2481 | 2B C

The obtalned set of algebraic equations are then solved using the
asimple expliecit scheme €21. Applying the boundary conditions of
Eq.4b, cone finds that the solution is stable 1if the following
condition is satisfied

At = AFo'sS - ! =
2N + BL(M/&) + (M/&273

RESULTS AND DISCUSSION
Figure Z illustrates the time development of temperafure profiles
as obtained from both the analytical steady-—-state solution (Eg.i1i)

and the numerical solution (Eq.14) for adiabatic tip surface ( h1

= 0) and thickness/length ratic & = 2b'/L = 0.1. The well
agreement between the steady-state anslytical temperature profile
and the numerical obtafined profile at t = o conflrms the wvalidity

of both solutiong. The effect of Biot number on the temperature
profile is shown on Fig.3 for the same tip conditien and at time ¢
= Z. The curves indicates that as the Biot number increases the
temperature profile becomes lower. This is physically accepted
bacausa the high Bl means efficlent convective cooling process of
the fin. This result is also confirmed by examining the time
development of temperature profiles for a high Biot number ¢ Bi =
©8) which are plotted on Fig.4. It is clear that the steady-state
base temperature level is higher about 5.7 times for Bi =0.1 than
that for Bi = 3.
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The effect of thickness/length ratic o on the transient
temperature development is illustrated on Fig.S5. Examininag this
figure, cne can deduce that the level of temperature profiles for
€ = 0.5 is higher tham the corresponding level for £ = 0.1 under
the same conditiens: In addition, it is clear that the
steady—-state temperature praofile is reached in longer time for & =
0.5 than for £ = 0.1,

Figure €& illustrates the effect of tip condition an the transient
temperature, where thertemperature profiles are plotted of £ = 0.5
and h1 = h. Comparing the curves on Fig.S and Fig.6 which are

plotted for different tip condition (h, = 0, and h, =h 7, ocne can

1 1

conciude that the efficlent convective cooling of the tip surface
reducses the level of temperature profiles, which is physically
expected.

The steady-state temperature prafiles for different FEiot numbers
are given on Fig.7. Results show that there is a littie difference
between the surface and center temperature distributions of a fin
for small Bi and small &. This difference increases as Bl and &
become higher as can be dedured from the curves on Figs.7 and 8.
Figure 9 describes the temperature profiles for a fin which
represent an absorber plate in a flat plate solar callector (& =
iny. Finally, the dimen=zicnless Eq. 14 indlcates that the proposed
finite difference techniqueg is simple and very fast even for large
time t.

CONCLUSIONS

From the above discussion it can be concluded that the cbtained
analytical steady-state tpmperature profile and the proposed
simple dimensionless finite difference technigue corvectly
predicts the time develcpment of temperature profiles for
transient conduction in a 2+D rectangular fin which is subjected
to a constant heat flux at the base with different fin tip
conditicons,
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NOMENCLATURE

2b? fin thickness T

C speclfic heat

h heat transfer coefficlent

h1 tip heat transfer coefficient
k thermal conductivity T
L fin length %
* .
real time Y

Pimensionless groups
Bi Biot number = hL/k

Fo Fourier npmber = k t*/(p:LQJ
w o= x*/L

y = y/b’

b o=k 6%/ o™
T = T -1t5/0q L0
B ob Gu-7 K
H*= hb’ 7k

H

' htL/k

M2

temperature

ambient temperature

temperature at the fin base

longitudinal coordinate

transverse direction

Greel symhols

& = Zb'/L
g'= b /L
p density

A eigenvalue

f eigenvalue
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