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PRODUCT BLOCK FOR VOLTERRA INTEGRAL EQUATIONS OF THE
SECOND KIND WITH SINGULAR KERNEL

S all 51 il S D £ i Crn AplalS " | il g * Y aad g pudsall p

by
G. M. Attia”, A. E. Hussean®™, §. H. El-Emam™, and S. F. El-Kotb

s 4 alaial 605 3 | o Al ot eayll 3513 okl Lol e 2 5a Qs il el adds
b S il a8 AR phall lisad I e B3 il 81 D3 )T Y S a3 phall oda Ziaadtud Ziasl
H s el g gy g g il datiad g QU L JY kil ga 130y el e iy puadl

e gl pon il 45 i g 0al ) ae A0 e

Abstract: The Block method is a good self-starting method for solving Votierra Inlegral Equations
with contlnuous kemel. In this paper two modificatiens are suggesied to develop Block method and to
use it to solve Vollerra Integral Equations of the second kind with singular kemel. The idea of the
product technique is used for Biock method, which is the first modification, whilg the second
modification is the use of the graded nodes with Biock method. Some algorithms are consldered and
the solution procedures are carried out. Implementation and testing of the considered algorithms have
been done. The resuits show thal the graded nodes give good resuits compared with equal spaced
nodes.

Keywords : VOLTERRA INTEGRAL EQUATION, PRODUCT INTEGRATION, SINGULAR

KERNEL, BLOCK METHOD.

1. Introduction; Mathematical modeling processes in the biclogical and the
physical applications ( see Brunner [4] } lead quite frequently to Volterra
integral Equation of the second kind of the following form:

y(x) = f(x)+ fp(x,t)i?(x,t,y(r))dt‘ xe{0,T]

where px, ) refers to the type of singularity used with initial condition of
y(0) = f(0) and k is smooth on the domain 0< t < x <T. In this, paper two
types of singularities are considered:

1- P(x,f} = (x-8/“which has a singularity at x = {, O<g <1

2- Pix,f) =t=' (x-§/ , O<a <1 which has two types of singularities , the first at
1 = 0 and the other is moving along the line x = t. The commonly encountered
values of « are ( 0and 1/2 ), but other (rational) values (e.g., a = 2/3) are also
known to occur, for exampie in the modeting of the flow of a hot gas through a
metallic tube, with reaction arising at the walls of the tube; (see Delves and
Walsh [6], Atkinson [1] and Claus [5] ). In this paper the product Block is

considered.
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2. Mathematical Preliminaries: The singular Volterra integral equation of
the second kind:

y(x) = f(x)+ }p(x, Ok (x.t,y(t))dt. xe[0,T] (1)

is assumed to satisfy the conditions for a unique solution (see, for
example, Tricomi [9] or Smithies [7] ). The interval [0,T] is divided into N = 2M
subintervais. The nodes as reported by Aftia [3], [4] are chosen to satisfy the
following:
D=ty <t <ty ety <ty=T

] 1]
t,, =|:3%I] = [%} , k=012,...M

tzsm =7}[t2b‘. + tZIu:]! k=01..M-1

hy =

L

v = k =0,1,..,2M - 1

3. Product Integration: The product-integration method is based on
approximating the smooth function k by a polynomial. More precisely, the
integral is approximated by:

IP(X.. t) k(x,, t,y(t))dt EZI: wiii(-(xi’ tyy)) @
) =t

where x; =t, i=1,......N and p{x, 8 = {x;- {) “ which is the singular part.
The weights depend on the quadrature points x. Here, a product integration
forms Bleck a method, approximates the integral term.

3.1. Product Block: In this method equation (1) can be written in the
following farm:

Yo = Faer # [ P01y (Xt y(0)E + [ P{Xy, o (X0, b, YRR (3.1)
Yar = hia + J‘Ip(xzi»z!tﬂ(x:ha-t:Y“)}dt i T;’(xmz-”i(x:m-t’ y{t))dt (3.2)
0 X5

Then, the above two equations can be written in the following approximated
form:

2
Yo = fas + z Wy (X0 = 4 ) KXy, 00ty Y(tll + Wy, 1 2K(X g0 Uy} + (4)

i-o

+ W g2 KX i 00 ot )W 2100 + Waieq 21 2K (X 00 U1, 2012

and

2
Yoz Sl + Z w;j(xzn,z =) KXy, 20 4, Y(8 ) + W2 oK Xy 00 ) )Y + (5)

i

+ Woi2.20 KX, 20 ot Waten + Waiez21 K (X 20 2102 )Y 2002

The weights can be calculated by the following technique:
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3.2. Calculation of weights: In general if g(x) is singular in [a, b] and f(x} is a
smooth function in the same interval then,

b
{gbx)fixidx = p,fix,) + p,f{x,) + psFiX,) X, andx, e [a,b]

where py, P2 and ps can be calculated exactly from the solution of the system of
equations:

[ alx)zix}dx = p,z(x,)+ p,Z(x,)+ P, z{x; ),

z{x)=x*and k=0, 1, 2.
This method is ¢alled Product-3 [2]. Then the weights are:

L]

I{X a0 — YA = W + WoraTaa + Waane fan

LT

(R~ O =W, oty + W + Wa e Ta

n

where:
abR, ~R,{a+b}+R a-c¢ -aR
W, = R, R, = Wiz S Woan ""Ri——_‘.!
[c—-a}fc—-b) b-a b-a
1-a
W = ~W, 0 —W, 0, +R,, R, = gv_.l%:—)""‘

R. = {x. - % )" Xy (Xe=Xy) and
2 ={X, ~ Xz) [1—& 2 a n

J-u 2-0 1-a
where a = ty, D= lym, C= tay2 a@nd v = 2i+1, 21+2 for the first and the second
integral respectively . The weights are w;, wy can be calculate as follows:
Ly
I(xzm ~ At =Wy oo To 2 + WaiaaTa e ¥ Waaafy and

L3 T )

R,:(x“—xﬂ}"“[—-——‘x" Xl|  2%(X, = Xa) Xy ]

LT

[ tag -ttt = Wais22j-2R12 ¥ Woia )l ¥ Wo 0 By

-2
then,
bf, - T, b)+f - -
vz = b -hlarbl+h : WuJH:E_EWvJJ"' Lol ang
{c —alc-b) b-a b-a

Wiz =~ Wey ~W, o+,
where
J=1.,2.3, a=tys b=ly, C=tly and

£ = (x, - X,l_z}"“ _ {x, - x.‘.l)"“
1-a 1-a
f,=(x, - xﬂ)i-ﬂ[!,xv_—x_ﬂ’ - _-x-.‘!._:l_ (x, - xz;-ﬂ‘““[“" - x?j_z} _ X :I

2-a 1-a 2-a 1-a

[l
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_'x2|)= +2xv‘xv _‘XZI) xf
3-a 2-a 1-o

[ (x,
fy ={x, —%5)7%[ -

{x, — %3, )? & 2x,(x, = X2} x3
3-a 2-g 1-a

-(x, - ng-z)"“l:

where v=2i+1 for wy and v=2i+2 for wy
Equations (4) and (5) are solved to get Yau, Yae:

3.3 Product Block Algorithm: This algorithm deals with linear Volterra
integral equations with singular kernel.

Algorithm  To find a solution to linear Voiterra integral equations with singular
kernel of type k{x,t)=(x-t)™ k{x,t) with variable and constant step
length by Product Block.

INPUT Number of intervals (N}, Alpha () and Beta (§).

OouTPUT Approximate Solutions y,, root mean square error (E., ), Maximum
error (Emsx) and position of maximum error (Xam)

Step 1 y[0]=(0), M=N/2: x[0]=C, t[0]=0.
Step 2 For i=1 to M-1 do steps (3-4}.
Step 2 k=2, x[k]=(k/N)®

Step 4 Tkl=x[k], j=2i-1

HI1=(x[+1] - x[j-1]y2
x[{J=x[-11+H[]

Thl=x07.

Step 5 x[n]=1, TIn]=1, H{M]=(x[n]-x[n-2]}/2
x[n-1]=x[n-2]+H[M], Tin-1]=x[n-1]

Step 6 For i=0 to M-1 do steps (7-16).

Step 7 Caiculate w[2i+1,2i], w[2i+1,2i+1], wf2i+1,2i+2].
wl2i+2,2i], w[2i+2,2i+1], w[2i+2,2i+2] using Product-3.

Step 8 Calculate by,b,,b3,b,bs,bg.

Step 9 L, =by by — b, by, L,=b;, b, - b, b,.
b=b,b,~b, by  y[2i+1]="¢  yl2i+2="y

Step 10 If {i<M-1) then do steps (11-18).

Step 11 by=0, bs=0.

Step 12 For L=i+1, down to 1 do steps (13-18).

Step 1 Calculate w[2i+1,21], w[2i+1,21-1], w[2i+1,2]-2]

wi2i+2,21], wi2i+2,2i-1], w[2i+2,21-2] using Product-3.
Step 14 For j=21 -2, to 2l do steps (15-16).
Step 15 by=bs+w[2i+1,]] k(x[2i+1], t[j1} v[i.
Step 16 be=hs+w([2i+2,j] k{x{2i+2], t[j]) Y[iJ-
Step 17 QUTPUT.
Stop.

For non-linear Volterra integral equations with singular kernel, Newton-
Raphson methed is used to solve the non-linear equation and step 9 is changed as
follow,

Step9 pe=y[2i], qo=Y[2i] and call Newton procedure to caiculate y[2i+1], y[2i+2].
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4. Numerical Resuits; The numerical algorithm described above is used for
the computation of the Product Block and tested for several examples.

4.1 Test Exampies: The following table shows different exampies used in
Linear case {These examples were taken from [2], [6], [7]).

Tabie (1) Examples and its Solutions which are used in Linear case

i3

. ' Exact Solution
Ex Equation
1 y(x):x-%x%+i{x—t)'5y{t)dt y{x)=x
5 ; 1
2| yix) = 10— [0 - )yttt yix) = o
3 nn:guy+hx-n*u2+ﬁwuyn y(x)=x
1]
s |yxi=x- [ﬁj‘z—] - a—};ﬂx +i(x — )y ty(tt y(x)=x
where f(x) =ﬁ+%-%sin"u;—:) and
f(x)=x~ ! + 6 ]x"‘“
z (1-al2-a) (1-al2-a)3-o)d4-a)

4.2 Model Integral Equation with Two Types of Singularities:

y{x) =1+ 5(1-_——”“}1—;3 '“’J + l{x -yt ,

y{x) = 2x" Qeax<t 0<x<1
4.3 Test Example of Non-Linear Case:

- L & [(x- oyt (thct
(1-af2-a)3-a)d-a) ; ’

y{x) = x
Y. =X

Results of the root mean square errors, maximum errors and is
positions for the different considered examples uses Block method for linear
and non-linear cases are shown in Table 2 and Table3, respectively.
pixi f) = (x:- {) %, while the same results using Product Block method for linear
case is shown in Table 4 when pfx;, 8} = 7 (x- 1) <
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Table (2) Results of the root mean square errors, maximum errors and its
position, When p(x4, t) = (x - t) © for different examples using Product Block
method in Linear case when p(x,f) = (x-t)”

Graded-Mesh Uniform Mesh

ﬁFAm Xem Ew En Xeu Erm Er

1| 4 |05 035 | Li6x102 | Lo00 | 1.82x10°F | 2.82<10" | L00 | 1.39x10" | 0.08

2132105 130 | 347«<10® | 0249 | 462x107 1.36x107 | 0.03 4.70x10° | 074

313201 1.00] 3.35x107 | 097 | 698x107 6.98x<107 | 097 | 3.35x107 | 100
32 | 0.2 | 100 | 504x107 | 097 | L1ix10® L11x10% | e97 | S04x107 | Loo
32103 ) 095 | 846x107 | 097 2.05x10°* 2.05x16¢ | 097 | B8.46x107 | 099

4] 4 o1 ] 0% 0.000000 | 0.000 0.000000 273 107" 0.75 1.36x10" | 0.00
02 | 0.75 | 839xi0" | 0.797 L42x107" L8210 L 9.96x 107" | 0.84
0.3 | 075 | 4.07<10" | 0.593 9.09x10r" %.09x16°" 1.0 4.07x10 100
0.4 | 145 | 467x10M | 0.513 9.09x 10" Lazx1o? 0.63 1.27x107" 0.37
0.5 | L35 | S350 | 0392 | 9.09xi10™ LA2x 10"t | 044 Logx10" | 0.50
0.6 | 145 | 43sx10™ | 0366 | 9.09xi0? LE2x1" | 0463 LI2x101 | 043
0.7 | L25 | 3.a8x10" | 0.B46 | gouxiOt LEzxI0' | 069 9.250" | 034
68 | L35 [ y9gaag™ [ 0360 | 909t L8’ | 083 9.29x10" | 0.54
" 0.9 | 120 | 436x10" | 0.708 | 9.09x10™ L8zx10* | 063 | 928x10" | 0.50

where Eme.: Root Mean Square Error, Exm:  Maximum Error,
E .. of Graded Mesh

Xem Position of maximum error and Ep =—C ,
E... of Uniform Mesh

Table (3) Results of the root mean square errors, maximum errors and its
position, for different cases of « using Product Block method in Non-Linear
case when p(x.,t) = (x-tJ*

Graded Mesh Uniform Mesh

AL
™= ™

Eep Xes Eu Eum Xem E e Ey

0.1 | 8 {095 7.26x10° | 0.880 | L19x10* | 1.39x107 | 0.875 7.60x 10° 0,956
16 | 0.95 470x10° | 0940 | 872x10° | 1.02x10% | 0.938 | 4.86x10° 0.968
32 1095 | 3.06x107 | 0.036 | 6.25x107 | 7.14x107 | 0.969 3.13x107 | 0.978
64 | 0.95 1.99x10° | 0.018 | 479x10° | 4.80x10" | 0.984 | 202x10° | 0.984

0.2 | 8 |095 1.06x10* | 0.880 L7710 | 2.08x10™ | 0.875 L.14x10™* | 0.925
16 | 0.93 7.02x10°% | 0.940 L40x10F | 1.67x10% [ 0.938 744x10° | 0944
32 | 098 4.76x10”7 | 0.970 1.03x10° | 1.24x10® | 0.969 | 496x107 | 0.960
64 | 095 [ 326x10® | 0.017 | 7.74x20" | 8.78x10% | 0984 | 336x10° 0.972

03| 8 |um 1.72<10° | 1.000 3.09x107™ | 4.85x<10™ | 1000 2.22<10™ | 0.773
16 | 0.90 L.19x10* | 0.077 2.41x10° | 3.33x10° | 0.938 1.43x10° | 0.835
32 | 095 | 884x107 | 0.970 2.28x10% | 2.77x10% | 0.969 9.61x107 | 0.919
64 | 0.95 | 631x10° | 0.985 | 1.76x107 | 2.10x107 | 0.984 | 673x107? 0.938
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In the following figure the relation between (- log ( E;ms)) @nd B is plotted at
N=32 whenpxt)=t"(x-)™ and2=0.2,-5, 1.

7
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°
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t 2 4
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o Mg B g 9 & N smo o« -
o (=] [ -— — -~ ™~
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Fig. 1 Relation between (-log Ems) and 3 at N=32

* The maximum values of - (og (Eqms) Mmeans minimum value of Eqns
* When A = 0.2 the minimum E,, occurs at p = 0.90

* When A = -5 the minimum E,.,s occurs at § = 0.80

* When A = 1 the minimum E, s occurs at p = 1.15

5. Conclusions: The product methods give good resulls when using it on
graded mesh compared with equal spaced nodes at he same number of
subinlervals. We use the product Block to solve singular Vofterra integral
equation of the second kind. We conclude to use product Block on graded
mesh. The equal spaced nodes can be considered as a special case from the
graded mesh. Attia and Nour (3] proposed that the vaitie of {8 is controlled by
two factors: the first factoris the suprimum of the function and the second.is
the large variation of the function. For the second case, the kernet of this type
has fwo types of singularities, the first at { = 0 and the other is moving along
the fine x = t. Results of experiment showed that;

1-The product method is a good method to solve this type of singular
equations '

2 - The optimum value of B in the case of graded meshesis3 € (0.7, 1.5)
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