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ABSTREACT: The nodal line fintte difference melhod developed earlier by the
Author hos been success/ully appliead to bending analysis o/ rectangular
plates. In (he present work. the mellnd 1% evtended to solue plang stress
probtems of rectangular plates. The analysis dealas with the (in-plane
displacements and requires the solution of (wo suimultaneous second-order
pariiol dif/erential eqguat.ons. These equalions dare transformed into (wo
simul laneovs ordinasy differentral equatians which (n Lurns are cast (n two
simultaneous nadal line difference equations. Numsrical results obtarned by
the presenl! techarLgue have shown good aggrecnent with thase oblawned by the
finite stirip mathad and this indicates the applticabLlity and the power of
the present tachnique.

INTRODUCTION

Tne noda) line finite difference method NLFDM i3 a semi—analvtical
approach developed recently by the Ruthor. This method has bLeen very
promigingd in reducing the computational cfforts and core requirements for a
clags of two and three dimensional stresz analysis. The description
formulation of the method are oriented particularly towards the analysi’
rlates and shell structurez. The method based on reducing the »p
differentjal equationa, which describe the equ:ilibrium conditions
Btructure, to ordinary differential equatiors by adopting continuow
functions gatiafying a prieri the Dboundary c¢onditiors in one d
These ordinary differential equations are Lhen transformed into a
difference equations by means of the finito difference technique,
is similar to the finite strip method FSM developad by CHUNG (1,7
both of them call for the usgse of bazic functionz at nodal lines
line finite difference method NLFDM was first developed by th
for bending analysgis of gsimply supported rectangular plates a
Ruthor (7.8.9) for other plate bending problems. Thase ap
proven the val:dity and the power of the method and
possibility of extending the method to ~he handling of st
other two and three dimensional problems.
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The purpoge of the present work §s to develop a nodal line finite
difference solution for plane stress analysis of rectangular plates. The
analygis and degign of such g¢lates can be encountered in a number of
important structures, such as butteregses, deep beamas and shear Wwalls. In
guch type of structure= there exigts only in-plane diaplacement which can be
resolved into two components parallel to the rectangular c¢oordinate axes.
Accordingly, the equilibrium and the compatibility conditions of such plates
are degcribed by two simultaneous partijal differential equationa. In the
application of the nodal line finite difference method for wplane etress
analyeis of rectangular plates, the plate is divided into a mesh of
fictitious noda) lines parallel to one of the coordinate axea. Two basic
functions are chosen to express the displacement variation along these nodal
lines with the stipulation that such basdic functiona should satisfy a priori
tha boundary conditions at the ends of the nodal linee. The vpartial
differential equations are then transformed into two nodal line aimultaneous
difference equations by using the finite difference technique. In the
present work, thin etastic isotroric rectangular plates with two orposite
gimply supported ends are analyzed. The results obtained are 1in close
agreement with those of the same conditions worked out by CHUNG (3).

METHOD OF ANALYJIZ
a) Nodal Line Differesnce Equations

In plane stress analysis of plateg, only deformations in the plane of
the plate due to in-plane forces are considered. These deformations can Dbe
expressed in tarms of two components u and v parallel to the rectangular
coordinate axes x and y. Detailed derivation of the differentijal equations
relating the displacement components u and v with exterpna)l load components
Px and Py 18 guite simple and can be found in many referencea. For isotropic
thin e}astic rectangular plates, these differential equations are

2u” + (1-v) u”’ o (1) v om - % P
» 2 (DY)
(1-v) v+ 2 v7 ¢+ (14v) v’ = - S P
D v
B a 7 a
“here ) = 5c . « ) = ay
v = Poisson'sa ratio and
D = ——EEI— i8 the in-plane stiffnees
(1-»") N
N‘ any boundary condjtions
A - -
N | ‘ y.v
Y ! 1| g~
n— .g ! 1| o
o | 4+ k-t 1| -
ay y W ; Ax 1 LO.I)
N r ) N +N'dy 2 ; x |2z
ny y y Yy | Ax | @
N dx L 2 | 3 ey )| 2
y LN 1| ®
| v N+ dy > | >
p »y ny - | I__.o
xTu ot ol
€ |— N ES3
——. a | B~
N +N dx r v
Yy ny [ b
1
. . any boundary conditions
N‘+Nxdx Fig. 1 .
y X4 . nodal lines
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[he solution of rlane stress problems by the nodal line finite differencs
nethed requirea the division of the plate into a megh of parallel fictitious
yvdal lines in one direction as shown in Fig, 1, The displacement functions
it each nodal line are expresged ae summation of the terma of the bagic
functiona fitting the boundary conditions at the ends of the nodal tinee
miitiplied Ly todal [{n6 paramolera. Thabo parametoero are assumed ag einglo
:oriable functions Iin the direction perpendicular to the nodal lines,
foer roctangular plates simply eupported et two opposite snde, the
iisplacemant functions at any nodal line k are proposed as

u, - 2’ U, 0o ein 20y o Z‘ U, sin Ay

r (2)
- mn
Vi r_z‘ Vo, u (%] cos =y = mX Ve, 1 €08 Ry

The ndopted basgic functions have uncoupling property and therafgre each term
»f the paries can be analyzed separatecly.
jubBtitution of equation (2) into equation (1) vields.

[ 2 Um' P

2 .
e (2=p) KU = (Leu) R vm“ ] gin R y = - .k

m=¢

{3)

o Dl

l"y_|=

r
ae ] .
le [ 1=} vn,k- 2 hm vm.k+ (1+) hm Um.k ] cod kny -
The appliad 1loada must aslgo be resolved into geries s3similar to the
lisplacement functions as followy

r
x
Pl.i © Z qm.k ein hrny
mI 4

(4)

r
- 1%
PY'.l mz‘ R, o8 hmy
Jpon substitution of eaquation (4) into egquation {(3). we obtein the following
-elationshipg for sach term of the basic funhctions

.o 2 . 2 x
[ 2 Urn.i- (1—9) hn Ulll.k_ (IW) hm Vm,i ] = 3 qm.k .
e ‘ . 2 Y (5)
[ (=) Vo~ 2R Vot (b)) kU ] =-5Fa
ly applying the central finite difference techaique, wWe get
2
[1 ¢ ¢ o 1 ~c) {6} ---2q
™ m m] { rn} D)\’ m, k
2 n‘ (6)
[.c, ¢ o - ¢ cl{} ~-=59,,
Da ’
a 1 1+0 ] 1-»v
+“here AN - x hmbx ’ Cm - I ¥, Cm =5
ct=2+c vy . ocl={1-v) +y1} and

{6"1} = { Un,k-(vn,h—lum,k Vm,k Um.kvlvm,kvl}-'

iquations (6) represent the two simultanecus nodal line difference equationg
‘equired for the present plane gstress snalysig. Application of equation (6)
1t each nodal tine of the plate yields uncoupled system of linear algebraic
jquations. Tho final matrix is a aquare band matrix having a 8mall band
ridth equal to 7.
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b) Internal Forces

For an a)astic 1sotropic thin plate deformed by in-piane forcesg, the
internal forces per unit length at any pvoint are given by

Nx - D(u +vvl)

N, - D(v +vu ) (7)
1-v / .
cy - 5 D(u + v )

Once the nodal Line parameters Uwk and Vmx at each nodal line are
obtained, it is eimple matter to determine the intsrnal forces at any point
of the piate. By applying the centra)l finite difference technique in the
direction perpendfcular to the nodal lines., the internal forces at any nodal
1in k can be written as

r

N.. X - % m:zl ein hmy [_1 0 0 _2pwm { 0 ] {6'“}
Ny,h = g_: m21 ain hmy [_p Q Q -2 w|-n v OJ {6’“} (8)

1-v DA
Ny * "3 2a Z coshy [0 -1 2v 0 g 1] {5}

¢) Boundary Conditions

The boundary conditions are the conditions at the edges which must be
preacribed in advance in order to obtain the solution of the specific plate
problem. The adopted basic functions should satiefy a priori the boundary
conditions at the two opposite ends perpendicular to the nodal lines. The
other two oppomite edges can take any combination of boupdary conditions.

exterior nodat line

U e S S AL k=t —-— o
1 . 1
) any boundary conditions . |
— L}
| odys noda) line i Y.V
1 {
I - |
! o x
o) Hg
Sh —i S
L 1k
a || 1| ©
al )| &
X S1i HE
Pig. 2 L o) i@
| h
> |; >
| i3
1 1
E | ! E
LU 1| o
1 1
} | TS t
! t
t edge nodal 1ipe \
any boundary conditions '
-, e e e -~ o ket _———d
exterior nedal )ine
a
X, U




Mansourda f£ngineering Souriaf {MEJ) Vob.id, No.i, Jure 1989, c. 75

Plana B8tress analysis of rectangular plates by ths proposed techninue
requires the application of the nodal line difference eguations (6) at each
nodal line of the plate including the edga nodal lines. Bach ed3e nodal line
difference equation will intvoduce one additional extericr nodal line.

Aeccording to “he prescribed boundary conditions, the exterior nodal line
parameters Umk-1, Vmk-t, Umkts and Vm.k+1 have to be expresgsed in terma of
the edge and adjacent interior nodal line parameters. The exterior nodal’
line parameterz are connacted to those of the edge and adjacent dinterior
ncdal lire parameters for each tarms of the basic functions through the
following relations.

1- Simply supported edge { v =90 . N, =0 }k
Uﬂl.k~l - Un\,k‘vl
vm,k-l - vm,k+i (91
Um,k*( = Um.l-l
vm.h'i == Vrn.l(-l
2- Clamped edge { u =20 , v =0 }L
Um,l:—‘ == Urn,k‘-(
Vak-g — 7 Vo xoa (10)
Urn,)t-'t .- Um.k-l
vrn,l:-fl - - vm‘k—i
3- Free edge N =0 . N =0 )
m, k=1t “-2v Vlrr- vm,k + Um.koi
Vm.h—i = 2 Wr_ Urn.l( + Jm,kei (11)
U"‘-k-vt - zv v‘rﬂ vm.k * Urn.\r-(
vm,).¢1 - -2 wrn Urn,k * Vm.k-l
4- Loaded sdge { N,- Ply) . le- q(Y)}k

. T T
{Nu-p(Y]. Epm ein kmy ' N,y'q(Y)‘mZ‘qm coB kmy}h

m= 4

A _2a
U -—ZJW“\V + U E:P

@, k m, o kex

2a 2
Vv - ZVmU + vV “ ok T %

oa : (12)

.k m, k-4 DA “m

23
m, ket m m,k m, k-1 DN 1~1 'm
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NUMERICAL EXAMPLES

In order to demcnstrate the validity and the accuracy of the proposed
golution technigque, a number of rectangular plate problems hag been
analyzed. The present analysis is resgtricted to thin isotropic rectangular
plates having two opposite simply supported edges. Due to symmetry, only odd
terma of the hagic function uged to describe the displacement u as well asg
the even terma of the basic function used to describe the displacement v are
congidered.

EXAMPFLE 1 : To check the accuracy of the propoged technigue, a Bguare plate
gubjected to uniformly distributed )line load acting at ita top edge has becen
analyzed. In this analygia, the plate i3 divided into a mesh of fictitious
nodai lines with Ax = L/24. The analysgis has been carried out for nine terms
of the used basic functions. The reaults obtained are presented in Fig. 3.
For the purpose of comparison, a copy of the resultg obtained by CHEUNG (3]
from the finite atrip 3olution is provided in APPEND!X 1. Due to the absence
of the value of poisson‘s ratio. v, in CHEUNG's sociution, a value of v=1/6
i3 consgidered in the present analysis. The comparigson has 3shown a good
agreement .

P t/m
I ERERNENEEFEEEREERE o _ _ .
T == > 1.269 1.035.
| ) Y.V
I : -0.645 -0.975
1
{
— o -0.242 -0.576
! ]
: — -0.001 -0.712
) |
1 — L 0.128 -0.520
! |
! ! - _
G — 0.210 0.331
3
7 — - 0.302 -0.167
1
}
— ' 0.460 -0.048
! |
} | 0.752 0.000
‘ o, at vy = a/2 a, at vy = a/2
___a s
o ~N /t=a Pa/D o =N /t=a Pa/D
X,U Y vy - X X [}
Fig. 3
WAMPLEL 2 : This example deals with studying the : .
yffoct of the load position on the distribution of E
he displacementse and the internal forces, A I P L/m -
.quare plate subjected to uniform digtributed load v
.cting at any nodal J)ine within the plate ! :
.ncluding the top and the bottom edge nodal lines N -
a8 been analyzed, Fig. 4. Information regarding ' S :
:he distance between the nodat 1inesg, Ax. the ! L
wumber of terms of the basic function used and the — -
»oisgon's ratio, v, are taken as those mentioned ‘ - !
'n the previous example. The numerical values of H 1
the obtained results are presented in Tables 1, 2.
3, 4 and 5. Furthermore. these numerical vVvalues Fig. 4

ire plotted in the curvea given 1n Fig. 5.
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Tanle 1. Cosffliclents a at y-a/2 for the diaplacemont component u u - u‘Pu/D
| . Dietributed iine losd posftien x/L
x/L p— — -
0.000 0.128 Q.250 0.374 0.300 0.625 0.730 0.873 |- 1.000
' R— ——
0.000 0.863 | 0.749 | 0.63% | 0,339 | D.19@ | 0.400 | 0.363 | 0.342 | 0.2320
0.123 0.751 0.780 N.650 0.530 0.1476 0.417 0.379 0.33%7 d.343
0.250 0.610 0.63% 0.677 0.500 0.499 | 0,440 0.401 0.379 0.264
0.372 0.940 0.330 a.379 0.813 0.336 0.470 0.440 0.116 0.401
0.300 0.a39 0.47¢ 0.4a99 0.338 0.35%0 0.316 Q.49 0.476 0.43p
0.625 a.4a01 0.416 0.440 0.4?28 2.35168 0.513 0.57% 0.338 0.330
0.730 0.36A4 0.37% 0.401 0.440 0.409 0.540 0.677 0.6%8 0.640
0.875 0.343 0.3s87 a.379% 0.417 0.476& 0.5358 0,458 0.760 0.751
| 1.000 0.328 0.342 0.383 0.400 0.439 70.53% 0.83p Q0.749 ‘ 0.A43
Table 2. Cosctticients o, at y=0.0 lor the dlsplacament componont v v = a ra/D
L olmtributad 1(ne 1oad poaition x/L
x/ —
0.000 a.1258 | 0.250 | 0.378 ! 0.750 0.A7% 1.000
0.000 0.4a00 0.473 | 0.424 0.372 0.270 0.25€6 _0A247
0.125 0,131 0.179% g.211 0.201 0,183 0.158 0.134
G 250 0.D00 0.017 0.964 0.1D08 0.11a a.111 0.109
0.3713 -0.056 |-0.04% |-0 033 0.010 0.089 0.090 0.090
0.%00 [-0.078 (-0.076 [-0.069 |-0.05) 0.0649 0.076 0.076
0.6253 -0.090 (-0.090 |-0.009 |-0.064 0.033 0.049 0.056
0.730 =-5.109 |-0.111 |[-4.114 |-0.117 -0.064 (-q 017 0.tAa0
0.078 ~3.134 |-0.138 (-0.165 |-0.176 0,211 [-0.179% |-0.101
1.000 -0.247 |—0.256 -0.27C |-0.292 |-a.424 -0.473 |-0.480
Tabla 3. Coetticionts a_ at y=¢/2 tor the anormal fercs w H -ot =0
l Diptributad ljne Ioad popition xsL
x/L — [
0.000 0.123 | 0.250 0.373 , 0.500 T 0.623 0.750 0.07% )1.000
0,000 -1.D35 0.000 0.000 0.0D0 £.004 0.00D | 0.DOO 0.00¢ 0.000
0.125 -0.975 |-0.474 0.036 0.047 0,032 D.052 0.091 0.Dasd 0.040
0.250 ~0.876 |-0.D30 |-0.263 b 163 0.178 |"0.180 0.177 0.172 0.167
0.375 -0.712 [-0.722 |-0.713 |-0.108 0.33¢6 8.2346 0.2346 0.310 0.1321
0.500 -0.320 |-0.531 [-0.533 |-0.572 Q.000 0.822 0.333 a 33 0 52¢
0.623 =0.331 |-0.340 (-0.346 |-0.346 |(-0.2336 0.100 a.7123 0.722 0.712
0.730 |-0.167 |-0.172 |-0.177 }-0.1080 |[-0.178 |-0.163 0.363 0.880 0.0876
0.873 -0,046 (-0.049 [-0.051L |-0.052 |-0.052 |-0.047 |-0.DJ6 0.473 0.975%
| 1.000 0.000 0.000 | 0.000 0 000 0.000 0.000 0.000 0.000 1.035
Table 4. Cao(f!cjentua‘ at y=a/2 for the normal farce Ny NY ~o t = G‘P
Of{nkributod Iine loen eobitlen x/L
x/L — ]
0.000 D.125 0.25%0 0.373 0.300 0.523 H 0.790 0.873 1.000
0.000 ~}.289 |-1.216 |-1.120 {(~1.057 [-0.965 |-0.0DD |-0.B834 |-0.7060 |-0.752
0.123 -0.64% |-0.62B |-0.58) |-0.580 |-0.9%94 |-0.421 |-0.493 [-0.474 |-0.460
0.250 -0.242 |-0.291 |-0.27) |-0.2%50 |-a.291 |-0.309 |-0.310 (-0.307 |-0.302
0.373 -0.001 |-C @31 |-0.0B0C |-0.090 |-0.098 [~-0.159 [-0.193 |-0.207 |-0.210
0.500 | 0.128 0.)14 0.079 0.012 0.000 |-0.012 |-0.079 |~-D.1149 [-0.128
0.623 c.210 0.207 0.1%3 0.139 0.093 0.090 0.088 0.03) 2.001
0.750 0.302 0.307 0.210 0.308 0.291 0.330 0,271\ 0.291 0.242
0.0473 0.460 g.474 0.493 0.371 0.534 0.5309 0.5381 0.628 0.643
1.000 0.752 0 780 0.010 0.080 0.965 1.037 | 1.120 1.116 1.289
Tablo 5. Coatllcitanto o nt y-3.0 for the nhearing {orcnruv N_' =Tt~ a,P
| Digeributed Yino load posltian x/L
/L —
0.000 0.125 \ Q.250 0»37§_W 0.500 0.625 0.740 0.673 1.000
. - - — |
0.0cQ 0.000 0.000 | 0.000 0.000 £.000 0.000 0.000 0.200 0.000
0.175 | 0.727 0.022 0.498 0.362 0.310 0.279 12.255 0.242 0.234
0.250 0.607 0.705 0.9183 0.622 0.513 0,452 0.419 0,395 0.382
0 7% 0.620 0.69) 0.700 0 943 0.66% 0.573 0.527 | 0.503 0.400
0 100 0.57% 0.5006 0 £A10 0.69) 0 950 0.693 0.618 0.384 0.571
0.623 d.+100 0.302 0.5217 0.378 0.669 0.9144 | 0.708 0.633 0.630
0.750 0.302 0.2393 0.415 0.452 0 33 0.622 Q.913 0.703 0.667
0.075 0.234 0.242 0.253 0.279 0.3la a.302 0.490 0.822 0.727
| 1.000 0.000 0.00D | 0.000 0.009 0.000 0.000 0.000 0.000 0.000
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Coefficients a, at y = a/2 tor the displacement component u
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[ |

Coefficients e, at y = 0.0 for the displacement componant v

+

/

/

/

#

A

[

/

Coefficiants a, oLy = a/2 for the normal force

]

)

Coefficients a, at y ~ a/2 for the normal force

N

\

b

N

+ + +
Coafficienta a,
+ + +

at y =~ 0.0 for the shearing force

Fig. S
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E¥XAMPLE 3 : Thie example dsale with gtudying the agpect ratio effect on the
diatribution of the displacermentds and tho intornal! forces. A @get of
rectangular plateg with differsnt ratios subjected to uniform distributed
line load acting at the top edse has been analyzed. The analysis has bheen
carried out for nine terms of the used basic functione. The diestance between
the nodal lines is taken as Ax = L/24 for aspect ratijes 0.5 and 1.0, while
Ax equal to L/46 for agpect ratios 1.5 and 2.0. The poisson’s ratio, v, is
taken as that of the previous examples The obtained resuita are plotted in
Figa. 6 and 7.

Coollicionts a at y = n/2 far btha displacoment compunont a4 u- e, la/0

l: 1.108 0.663 0.77% 0.770
2.070 0.731 0.603|" 0.328 |¥
— 1.021 Q,640 0.426 0.332
L 1.991 0.540 n.301 D.190
— 1.855 + 0.459 [! Q.2153 0.103
— 1.924 0.101 0.111 0.059
= 1.097 0.354 a.110 0.036
= 1.871.| 0.:243 0.094 0.0258
L 1.641 a.228 0.007 | 0.023

Coafficianty s aty =0 0 for tha dlsplacement component v v« aaPa/D

~ (EEEI N ey 0.1¢0 ;5 0.425 0.42] 97
— 0.700 0.131 a.024 1-0.026
I~ 0.192 0.000 ~0.07) ~0.009%
B 0.150 -0.096 ~0.083 -0.074
o ~0.062 -0.070 -0.071 ~0.050
= -0.260 ~0.a%0 ~0.052 -0.030
" -0.4%0 ~0.109 -0.04q -0.017
}— -D.752 Z -0.134 -0.0432 -0.012
— _ -1.078 1 -6.247 -0.071 ~0.020
- Coelflciants a, at y - s/2 (or the normal (orce N, N_-a_t'alP
[~ -1.035 | -1.035 -1.03% -1.033
[~ -0.969 -0.976 -0.960 -0.921
[~ -|-0.857 -|-0.875 —|-0.7v3 ~|-a.660
~ -a.704 -0.712 ~0,572 -0.402
- -0,322 -0.520 -0.2372 -0.224
B -0.336 -0.331 ] -a.219 “0.114
- t| -0.187 -0.167 -0.106 -0.052
-0.046 -0.048 -0.031 -0.014
[ 0.000 0.000 0.000 0.000
Ratio L/a Q0.3 1 1.3 2

Fig. 6



