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Abstract

Inverse Weibull distribution (IW) referred to as the Beta
Inverse Weibull distribution( BIW) is generated from the logit
of a beta random variable to be considered as a new reliability
model. The basic distribution theory of order statistics (ordered
random variables) is developed for both finite and asymptotic
random samples.Order statistics provide simple robust
estimators of location such as the median or trimmed means.
The smallest, largest,or middle observations for a given
random sample can be computed using order statistic.

In this paper the order statistics from Beta inverse (BIW)
distribution is studied. The cumulative distribution and the
density for maximum value and minimum are also presented,
the exact expression for the single and double moments of
order statistics from BIW distribution are derived , finally the
order statistic for doubly truncated of the BIW, its r" single
and joint r'™" moments are presented.

Keywords: Beta inverse Weibull, order statistics, single
moment of order statistic, double moment of order statistic,
doubly truncated.
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Research Methodology

1.Selection of the research topic: distribution beta inverse
Weibull distribution has been chosen as a modern
distribution to study its properties using order statistics has
not been studied before.

2.The importance of research: the most continues
distributions related to that used in the distributions of life
for estimating the reliability and failure in the industrial,
medical and engineering field distribution are Weibull and
inverse Weibull. beta inverse Weibll distribution has been
derived recently to give the prior distributions more
flexibility in the presentation of the data to the medical,
engineering and industrial study.

3 .The research plan: research plan adopted to study the
references that were used order statistics with continuous
distributions. Then we using the theorems of the order
statistic to put the characteristic to the new distribution beta
inverse Weibull

4.Search Results: we drive the cumulative probability density
function and probability density function to the greatest
value and the lowest value of the distribution. the exact
expression for the single and double moments of order
statistics from BIW distribution are derived , finally the
order statistic for doubly truncated of the BIW was
presented.
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1. Introduction

Order statistics has been used in many real-life applications
involving data relating to life testing studies and the BIW
distribution was introduced by Khan (2010) as a new
reliability model which is generated from the logit of a beta
random variable. This model has been introduced as a life time
distribution giving more flexibility than the inverse Weibull
distribution which was introduced by Keller and Kamath
(1982) and was based on the IW distribution. Many authors
have studied order statistics and the associated inference for
many distributions. Shawky and Bakoban (2009) derived the
order statistics from an exponentiated gamma distribution with
exact expression for the single and double moments. Ragab and
Ahsanullah (2001) obtained the BLUE’s of the location and
scale parameters of generalized exponential distribution based
on order statistics. Balakrishnan and Chan (1998) have
discussed linear estimation for log-gamma parameters based on
order statistics.

Mahmoud et al. ( 2003 ) introduced the exact expression for
the single and double moments of order statistics from the
inverse Weibull distribution and calculated the variances and
covariance's and they used these moments to obtain the
BLUE’s of the location and scale parameters of inverse
Weibull distribution under Type-II censored sample. Mohamed
(2013) introduced the Bayesian estimation to obtain the
estimators of the scale parameter a for BIW distribution. The
Bayes estimators are derived by considering non-informative
and informative prior distributions based on LINEX, general
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entropy and binary loss functions. Mohamed (2014) presented
a comparison between Bayesian estimation and maximum
likelihood estimation for BIW.

Aboutahoun and Al-Otaibi (2009) are derive the recurrence
relations between the single and the product moments for order
statistics from doubly truncated Makeham distribution.

Let Yy, Yy, ..., Y, be a random sample of size n from BIW
distribution with the probability density function (p.d.f) is
given by

s ) _g1b-1
f) = 5(0; b) y~F+Dema@n)™ [1 —en(@) B] (1)

fory=0,a>0,>0,a>0andb > 0.
and the cumulative distribution function is given by 1.2.

F(y) =
[®)_yioo D' —(a+i)(ay)h (1.2)
B(a,b) <=0 (b=l (a+i) '

This paper is organized as it follows. Section 2 introduces the
order statistic, the minimum, the maximum of density and the
cumulative density function of BIW. We derive exact
expression for the single moments of order distribution to the
BIW in section 3.

2. The Order statistic of BIW
Let v, <V, <..<Y_ denote the order statistics for the sample

of size n from the BIW distributionand v, ,j=12..,nis the i"

order statistic with probability density function given by David
(1981).
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fin (N=Ciaf MIFY)Y L - FYI"™ . —o<y<wo  (2.1)
where f(.) and F(.) are given in (1.1) and (1.2), respectively,
and

n!
(n-N'G-1Y
And the joint p.d.f of Y ;,, and Uy, with integer j and k
1< j<k<n isgiven by David (1981) as follows:
figen (V,U)=Ciaen (FQUY™ (F(y)-F(U))™ (1-F(y))™ () f(u)
(2.3)

whereC,,.,, =

(2.2)

j:n=

n!
(J-DYk-j-DY(n-k)!
and f(.) and F(.) are given in (1.1) and (1.2), respectively
2.1 The Cumulative distribution and the density for the
smallest order statistic

Theorem:
<Y, <..<Y

(2.4)

For Y nnj id continuous random sample of size n
with p.d.f and c.d.f with continuous distribution then the
smallest order statistic is given as:

f(y) = —(l (L-F(y)") =n 1-F(y)™ = n (1-Fy)™ d I:(Y)

= nf(y)(l-F(y))” * (2-5)
And
Fo)=P(Yu<y)=1-P(Y)>y)=1-P(Y;>y... P(Y,>y)
=1-(1-F(y))" (2.6)
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From (2.5) and (2.6) and using (1.1) and (1.2) (for BIW
distribution), then

()= My~ B+Dg-a@n™® [1 — e—(ay)-ﬁ]b—l
* 5 bl —(a+i)(ay) Byn-1
(1 B(ab) Zl—o F(b Dil (@tD) e ) 2.7)
_ . BaF
Where M = e
and

_1.(1.T®) oo (-1} —(a+i)(ay) By
Fo)=1-( ﬁ(a,b)21=0 -0l (atD) © ) (2.8)

2.2 The Cumulative distribution and the density the
largest order statistics:

Theorem:

If Yy, Yy, ...,Y, be a random sample of size n from a population
with continuous p.d.f f(y), then the p.d.f. and c.d.f of the
largest order statistics Y is given as:

iy (y)= —F(y) =nF(y)"-L | FO)

—”f(Y)F(Y)n ' (2.9)
And

Foy ) = P(Ym<y)=1-P(Y(n)> ¥)= P(Y1<y... P(Y,<Y)
Then., for the BIW in (1.1) and (1.2)

_ _p1b—1
f(y)= My (B+De-a(@)™ [1 _ e—(ay) ﬁ]

*( LB w0 D' —(@ri)(ay) Pyt
(ﬁ(a,b) Zi=o Fo-D)il (atD) ) (2.11)
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Finly)= (Gl U ety
() B(a,b) =0T (b—-i)j! (a+i)
(2.12)

3. The moments
The s moments of the j" order statistics from BIW is given

by

1) =E(y5) =Cp [y f) (F(y) " @-F(y)™ ' dy

(3.1)

Using the equations (1.1), (1.2) and (3.1) , then the single

moment of order statistics from the BIW distribution can be
written as follows:

u) =E(;,) =C oA y P9 (1-e )b

Y L (a+ifay)” N . ~(a+i)(ay)? \n-j
(gr(a—i)i!(aﬂ))e Zol Ia- ||!(a+) 0y
(3.2)
Where
o .,

A: 1

(,B(a,b))
(3.3)

The equation (3.2) can be solved numerically
The double (h,s)th moment of Y ., and U ., , 1< j<k<nis
given by
1 =E(Y5au0) =C i [ [T yu () f) (F(y) Q= F(y)" ‘3.4
(F(y)-F(u)'™**dydu
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where f(.) and F(.) are given in (1.1) and (1.2), respectively
and C,,., isgivenin (2.4)

if we would like to derive the c.d.f of the sample range R, of a
random sample of size n form a BIW distribution,

Theorem:

Let R, := Ynn — Y 1, be the range of a random sample of size
n from a continuous distribution with (—oo,0). Then, for any
real number r > 0, we have

F(R)=n[" (F(y+n)—F(y)™ f(y)dy (3.5)
Using (1. 1) and (1 2) for BIW,
F(R,) = J‘ (ﬁ+1)e-a(ay)'/’ (1_e-(ay)'ﬂ)b-1
o f( b)( N (36)
_ - —(a+i)ay)” yn-1
) ZTa i) )y
where

L) =D - (@D (@y+r)F
B(a,b) &T(b~Dil (a+0)

3.1 Doubly truncated

We can derive The doubly truncated p.d.f of continuous
random variable from the BIW from (1.1) as follows:

I=F(y+r)=

_fy) _ pa”’ (B p-a(ay)”? (1 _ a-lay)” ybd
g(y)—P_Q—P_O(ﬂ(a,b»y e (1-e™7 )", Q <y<h
(3.7)

Where
S ) ~(ari)aR)”
(a b) Z1"(a |)|!(a+|))e (3:8)
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< &) ~(a+i@ Q)
Q_,B(ab Z1“(a |)|!(a+|))e
(3.9)

and Q , P (0 <Q <P <1) are respectively the proportions of
the truncation on the left and the right of BIW distribution in
(1.2),

where the doubly truncated BIW can be used in some situation
that depend on the time start t, =0

The cumulative distribution function c,d.f of the doubly
truncated BIW is given by

-B
G(X) = Q2 — [L y'(ﬁ+1)e'a(DtY)'ﬂ (1_ e-(ay)'/" )b-1:|

P-0O(s(a,b))
Q
h =—<
where Q, P 0
(3.10)
Let i <Yan < =Yun 5 g sample of order statistics of size n

from the doubly truncated BIW distribution which given in
(3.7) and the c.d.f in (3.10) then we can derive the p.d.f for the
j™ order statistic as follows:

g in M=Cin 9 [GWI T - GWI'"" . Q<y<R,
(3.11)

where g(.) and G(.) are given in (3.7) and (3.10), respectively,
and
n!

(n-HG-1r

jn
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And the joint p.d.f of Y ;,, and Uy, with integer j and k
1= J=k=n s given by David (1981) as follows:

Gien (Y,U)=Cixn (GU)Y™ (G(y)-G(u))"™ (1-G(y))"“a(y) 9(u)
(3.12)

n!
Cj;k:n = -
(j -1k — j—)(n—k)! (3.13)
and g(.) and G(.) are given in (3.7) and (3.10), respectively.

The s™ moments of the j order statistics from BIW(the single
moments) is given by

H) =EW3) =Cpaf, YOG A-Cy) " dy, 1<r<n
(3.14)

The equation (3.14) can be solved numerically

The double (h,s)™ moment of Y ., and U ., , 1S 1=k=njg
given by

13 = E(ain) =Cipaf) ] Y09 ()9 WG Q-G

(G(y) ~G(u)"™"dydu

3.2 Special Cases

The single and double moments of order statistic to the many
of distributions can be derived from (3.2) and (3.4) as a special
cases from BIW.

fora=1,b=1, and B =2 the distribution in (1.1) reduces to
standard inverse Rayleigh distribution (SIR), i.e.,

fO) = 1

(3.1)

e @?, fory>0,a>0. (3.16)

2
a?ys3
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0!2

F(X) =€ t° (317)
If a = land b = 1, then (1.1) reduces to the two parameter
Inverse Weibull distribution(IW), i.e.,

fly) = ,Ba_ﬁy_(ﬁ“)e‘(“”_ﬁ , fory=>0,a>0,8>0.
(3.1)

F(x)=e "’ (3.19)

4. The Conclusions

A new reliability model (Beta Inverse Weibull distribution)
was introduced by Khan 2010 as the logit of a beta random
variable. This model is based on BIW and it offers more
advantages than the IW. The smallest, largest, or middle
observations for a give random sample was computed. The
basic distribution theory of order statistics (ordered random
variables) was developed for both finite and asymptotic
random samples. This research considers order statistics as a
simple robust location estimator of location generated from
Beta inverse Weibull (BIW) distribution. The cumulative
distribution and the minimum and maximum density were also
presented , the exact expression for the single and double
moments of order statistics from BIW distribution have been
derived and the doubly truncated BIW was derived.
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