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Abstract 

Inverse Weibull distribution (IW) referred to as the Beta 

Inverse Weibull distribution( BIW) is generated from the logit 

of a beta random variable  to be considered as a new reliability 

model. The basic distribution theory of order statistics (ordered 

random variables) is developed for both finite and asymptotic 

random samples.Order statistics provide simple robust 

estimators of location such as the median or trimmed means. 

The smallest, largest,or middle observations for a given 

random sample can be computed using order statistic. 

In this paper the order statistics from Beta inverse (BIW) 

distribution is studied. The cumulative distribution and the 

density for maximum value and minimum are also presented, 

the exact expression  for the single and double moments of 

order statistics from BIW distribution are derived , finally the 

order statistic for doubly truncated of the BIW,  its r
th
 single 

and joint r
th

 moments are presented. 

Keywords: Beta inverse Weibull, order statistics, single 

moment of order statistic, double moment of order statistic, 

doubly truncated. 
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Research Methodology 

1.Selection of the research topic: distribution beta inverse 

Weibull distribution has been chosen as a modern 

distribution to study its properties using order statistics has 

not been studied before. 

2.The importance of research: the most continues 

distributions related to that used in the distributions of life 

for estimating the reliability and failure in the industrial, 

medical and engineering field distribution are Weibull and 

inverse Weibull. beta inverse Weibll distribution has been 

derived recently to give the prior distributions more 

flexibility in the presentation of the data to the medical, 

engineering and industrial study.   

3 .The research plan: research plan adopted to study the 

references that were used order statistics with continuous 

distributions. Then we using the theorems of the order 

statistic to put the characteristic to the new distribution beta 

inverse Weibull  

4.Search Results: we drive  the cumulative probability density 

function and probability density function to the greatest 

value and the lowest value of the distribution. the exact 

expression  for the single and double moments of order 

statistics from BIW distribution are derived , finally the 

order statistic for doubly truncated of the BIW was 

presented. 
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1. Introduction 

Order statistics has been used in many real-life applications 

involving data relating to life testing studies and the BIW 

distribution was  introduced by Khan (2010) as a new 

reliability model which is generated from the logit of a beta 

random variable. This model has been introduced as a life time 

distribution giving more flexibility than the inverse Weibull 

distribution which was introduced by Keller and Kamath 

(1982) and was based on the IW distribution. Many authors 

have studied order statistics and the associated inference for 

many distributions. Shawky and Bakoban (2009) derived the 

order statistics from an exponentiated gamma distribution with 

exact expression for the single and double moments. Raqab and 

Ahsanullah (2001) obtained the BLUE’s of the location and 

scale parameters of generalized exponential distribution based 

on order statistics. Balakrishnan and Chan (1998) have 

discussed linear estimation for log-gamma parameters based on 

order statistics. 

 Mahmoud et al. ( 2003 ) introduced the exact expression for 

the single and double moments of order statistics from the 

inverse Weibull distribution and calculated the variances and 

covariance's and they used these moments to obtain the 

BLUE’s of the location and scale parameters of inverse 

Weibull distribution under Type-II censored sample. Mohamed 

(2013) introduced the Bayesian estimation to obtain the 

estimators of the scale parameter   for BIW distribution. The 

Bayes estimators are derived by considering non-informative 

and informative prior distributions based on LINEX, general 
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entropy and binary loss functions. Mohamed (2014) presented 

a comparison between Bayesian estimation and maximum 

likelihood estimation for BIW.  

Aboutahoun  and Al-Otaibi (2009) are derive the recurrence 

relations between the single and the product moments for order 

statistics from doubly truncated Makeham distribution. 

Let Y1, Y2, …, Yn be a random sample of size n from BIW 

distribution with the probability density function (p.d.f) is 

given by  

 ( )  
    

 (   )
  (   )   (  )

  
[    (  )

  
]
   

 (1.1)  

for                  and                                                                                                                                                                        

 and the cumulative distribution function is given by 1.2. 

 ( )  
 ( )

 (   )
∑

(  ) 

 (   )   (   )
  (   )(  )

   
                                 (1.2) 

This paper is organized as it follows. Section 2 introduces the 

order statistic, the minimum, the maximum of density and the 

cumulative density function of BIW. We derive exact 

expression for the single moments of order distribution to the 

BIW in section 3. 

 

2. The Order statistic of BIW 

Let nnnn YYY ::2:1 ...  denote the order statistics for the sample 

of size n from  the BIW distribution and njY nj ,...,2,1,,:  is the j
th
 

order statistic with probability density function given by David 

(1981). 
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f j:n (y)=Cj:nf (y)[F(y)]
j−1

[1 – F(y)]
n−j

 .          y       (2.1) 

where  f(.) and F(.) are given in (1.1) and (1.2), respectively, 

and   

Cj:n=
1)!-(jj)!-(n

!n
,                                                                (2.2) 

And the joint p.d.f of Y j:n and Uk:n with integer j and k 

nkj 1  is given by David (1981) as follows: 

fj;k:n (y,u)=Cj;k:n (F(u))
j-1

 (F(y)-F(u))
k-j-1

 (1-F(y))
n-k

f(y) f(u)    

(2.3) 

where
)!(!)1(!)1(

!
:;

knjkj

n
C nkj


                                     (2.4) 

and f(.) and F(.) are given in (1.1) and (1.2), respectively 

2.1  The Cumulative distribution and the density for the 

smallest order statistic 

Theorem: 

For nnnn YYY ::2:1 ...  i id continuous random sample of size n 

with p.d.f and c.d.f with continuous distribution then the 

smallest order statistic is given as:  

f(1)(y) = 
yd

d
(1-(1-F(y))

n
) = n 1-F(y))

n-1
 = n (1-F(y))

n-1

yd

d
 F(y) 

         = nf(y)(1-F(y))
n-1

                                                      (2.5) 

 

And  

F(1)(y)= P(Y(1)< y)=1- P(Y(1)> y)= 1- P(Y1> y… P(Yn> y) 

    =1-(1-F(y))
n
                                                          (2.6) (    

(1.4 
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From (2.5) and (2.6) and using (1.1) and (1.2) (for BIW 

distribution), then  

, f(1)(y)=    (   )   (  )
  
[    (  )

  
]
   

 

   *(1-
 ( )

 (   )
∑

(  ) 

 (   )   (   )
  (   )(  )

   
   )n-1

                  (2.7) 

Where    
    

 (   )
 

and 

F(1)(y)= 1-(1-
 ( )

 (   )
∑

(  ) 

 (   )   (   )
  (   )(  )

   
   )n

         (2.8) 

2.2  The Cumulative distribution and the density the 

largest order statistics: 

Theorem: 

If Y1, Y2,…,Yn be a random sample of size n from a population 

with continuous p.d.f f(y), then the p.d.f. and c.d.f  of the 

largest order statistics Y(n) is given as: 

f(n)(y)= 
yd

d
F(y)

 n
 = n F(y)

 n-1

yd

d
 F(y) 

=nf(y)F(y)
n-1                                                                                                      

(2.9) 

And  

F(n)(y) = P(Y(n)< y)=1- P(Y(n)> y)= P(Y1< y… P(Yn< y) 

           =F(y)
n
,                                                                    (2.10)  

 Then., for the BIW in (1.1) and                                       (1.2) 

f(n)(y)=     (   )   (  )
  
[    (  )

  
]
   

 

  *(
 ( )
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 (   )   (   )
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   )n-1

                     (2.11) 
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and 

F(n)(y)= (
 ( )

 (   )
∑

(  ) 

 (   )   (   )
  (   )(  )

   
   )n

                         

(2.12) 

 

3. The moments 

The s
th

 moments of the j
th
 order statistics from BIW is given 

by 

dyyFyFyyCyE jnjs

nj

s

nj

s

nj





  ))(1())(()(f)( 1

::

)(

:                          

(3.1) 

Using the equations (1.1), (1.2) and (3.1) , then the single 

moment of order statistics from the BIW distribution can be 

written as follows: 

dye
iaiiaba

b
e
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))((
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



       

(3.2) 

Where  

i

ba

b
A )

),(
(





                                                                                  
(3.3) 

The equation (3.2) can be solved numerically 

The double (h,s)th moment of Y j:n and U k:n , nkj 1 is 

given by 

dudyuFyF

yFyFufyfuyCuyE

kj

knjhs

u
nkj

h

nk

s

nj

sh

nkj

1

1

:,::

),(

:,

))()((

))(1())(()()()(












  
(3.4) 
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where  f(.) and F(.) are given in (1.1) and (1.2), respectively 

and nkjC :;  is given in (2.4)  

 

if we would like to derive the c.d.f of the sample range Rn of a 

random sample of size n form a BIW distribution,   

Theorem : 

Let Rn := Yn:n – Y 1:n be the range of a random sample of size 

n from a continuous distribution with (−∞,∞). Then, for any 

real number r > 0, we have  






 dyyfyFryFnRF n

n )())()(()( 1

                        (3.5) 

Using (1.1) and (1.2) for BIW,  

dye
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b
I
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RF
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i
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            (3.6) 

where  

   (   )  
 ( )

 (   )
∑

(  ) 

 (   )   (   )
  (   )( (   ))

  

 

   

 

3.1 Doubly truncated  

We can derive The doubly truncated p.d.f of continuous 

random variable from the BIW from (1.1) as follows:   

11

1-by)(-y)(a-1)(- ,)e-(1ey
)),((

)(
)(

--

PyQ
baOPQP

yf
yg 
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

 ))((

0
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














))((

0

1)
)(!)(

)1(

),(

Qia

i

i

e
iaiiaba

b
Q

                                    
(3.9) 

and Q , P  (0 < Q < P <1) are respectively the proportions of 

the truncation on the left and the right of BIW distribution in 

(1.1), 

where the doubly truncated BIW can be used in some situation 

that depend on the time start 00 t   

The cumulative distribution function c,d.f of the doubly 

truncated BIW is given by 

QP

Q
Qwhere

baOP
QxG














 



2

1-by)(-y)(a-1)(-

2 )e-(1ey
)),((

)(
--  







                

(3.10)             

Let nnnn YYY ::2:1 ...   is a sample of  order statistics of size n 

from  the doubly truncated  BIW distribution  which given in 

(3.7)  and the c.d.f in (3.10) then we can derive the p.d.f for the 

j
th

 order statistic as follows: 

g j:n (y)=Cj:n g(y) [G(y)]
j−1

[1 – G(y)]
n−j

 .  1PyQ             

(3.11) 

 

where  g(.) and G(.) are given in (3.7) and (3.10), respectively, 

and   

Cj:n=
1)!-(jj)!-(n

!n
,                                                                  
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And the joint p.d.f of Y j:n and Uk:n with integer j and k 

nkj 1  
is given by David (1981) as follows: 

gj;k:n (y,u)=Cj;k:n (G(u))
j-1

 (G(y)-G(u))
k-j-1

 (1-G(y))
n-k

g(y) g(u)    

(3.12) 

)!(!)1(!)1(

!
:;

knjkj

n
C nkj




                                     (3.13) 

and g(.) and G(.) are given in (3.7) and (3.10), respectively. 

 

The  s
th
 moments of the j

th
 order statistics from BIW(the single 

moments) is given by 

nrdyyGyGyyCyE jnj
P

Q

s

nj

s

nj
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nj  

 1,))(1())(()(g)( 1

::

)(

:

1

1
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(3.14)                                                        

The equation (3.14) can be solved numerically 

The double (h,s)
th
 moment of Y j:n and U k:n , nkj 1 is 

given by 

dudyuGyG

yGyGugyguyCuyE

kj

knjhs

y
nkj

h

nk

s

nj

sh

nkj

1

1

0
:,::

),(

:,
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))(1())(()()()(




 



  
(3.1) 

3.2  Special Cases 

The single and double moments of order statistic to the many 

of distributions can be derived from (3.2) and (3.4) as a special 

cases from BIW. 

for a = 1, b = 1, and β =2  the distribution in (1.1) reduces to 

standard inverse Rayleigh distribution (SIR), i.e., 

 ( )  
 

    
 
   

(  )                                   (3.16) 
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2

2

)( texF




                                                                     (3.17) 

If a = 1and b = 1, then (1.1) reduces to the two parameter 

Inverse Weibull distribution(IW), i.e., 

 ( )        (   )  (  )
  
                              

(3.1) 
  )()( yexF                                                              (3.19) 

 

4. The Conclusions 

A new reliability model (Beta Inverse Weibull distribution) 

was introduced by Khan 2010 as the logit of a beta random 

variable. This model is based on BIW and it offers more 

advantages than the IW. The smallest, largest, or middle 

observations for a give random sample was computed. The 

basic distribution theory of order statistics (ordered random 

variables) was developed for both finite and asymptotic 

random samples. This research considers order statistics as a 

simple robust location estimator of location generated from 

Beta inverse Weibull (BIW) distribution. The cumulative 

distribution and the minimum and maximum density were also 

presented , the exact expression for the single and double 

moments of order statistics from BIW distribution have been 

derived and the doubly truncated BIW was derived. 
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