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A PROCECTION TECHNIQUE FOR THE DBSIGN OF
PIE DIGITAL PILTERS
BY
Tbrahim A. Mandour®, Rashid M.Bl-Awadyt:
Hemdi A. Elmikati®™® & Abmed A. Abou-Taleb™

4 method for synthesis of CGhebyshev PIR digitel filterc
is presented. The best approximetion in the chebyehev (L '
sense is obtained making use of the method of successive pro-
jectione, wnich reduces tae problem to one of finding 4 poirrt
in the intersection of &k system of convex gets. The met:on
iz fast converging and does not require solving a set of non-
linear equations as in othner minimax tecnniques. An example
is presented to illustrate the procedure and tne resulis are
compared with a recently published minimex tecnnique.

I, INTRODUCTION:

SYeveral ftechniques have been developed for tne design of
PIR digital filters with prescribed frequency response. LROK.,
these techmigues are: Windowing, frequency sampling and mini-
max approximetion[1l, [2] . Bach of these techiniques has ite
own strength end weakness, For exsmple; the windowling tecnnil-
que is tedious unless & closed form expression for the window
coefficients is found. The frequency sampling tecnngiue ic
amenable only for filters amsving frequency responses tnal cre
reasonably smocvth. Present miniwax techniques [13, [2) suewn
a5 tne nemez elgorithm end its modificaetions reguire tne =solu-
vion of a set of nonlinear equetions to derive tne rilter rre-
guency response. In addition, tne bend =d4ges in vnere tecnni-
cues are not specitied by thne designer, taus leaving *tie LI&Ls-
itieon bends unconstrained. This lesas to relatively l:zvre
transition nands and sometimes undesirable spilkag in ..ese
sands. ine recently ceveloped COWaIP tecmmicue [371 , [a))
taougn very e2fficzient, is conrined to filters naving relatz
large traasition osands.

b -

yely

“nis paner pregents s relatively cimple aizitel - .lter
deslign metnod, in wnica tae approzimction in Lo noran is abi-
ained meking uce of tne method of zuccessive projzztious.
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The method tskes in to account ell of the frequency baend, tnus
preventing any undegired spikes in the tranmition bands. In
~addition, the computational effort involved ia reduced grestly
ue to simplicity of emcn step of iterations (projectiong).

the tollowing sections, thne method is dempcribed briefly and
aly example 1s solved for illustrating tne techiingiue.

II. The Method of Successive Projection:

A projection of a point x onto a set R in & normed apace
% is derined ag & point P € R guch that

" x - p|| = inf (‘x - y" reanaa(1)

yer

H.u denotes the length, or "norm", of the vector joining
the two peints x and p. In words, the projection of a point
X onto a set R is the point in R nearest %o x.

Conglder a family of sets Q, € E, where €A and A is
a set of subscripts-not necessarily countable, Let it be
required to Iind a point X in tne common intersection of
these sets, i.e. & point x puch that

X € Q= nQ .....-(2)
T oxea

According to the method of succesgive projections[S] ,[6].
to find x we proceed as tollows:

1) in arbitrery starting point z° ic cnogex and a set-glso
arbitrary-Ql is selected from the given family.

2) Phe projection 2t of x% onto Q- is determined according
to tue definition in (1). -

2 1

3) Another met Q. is selected and the projection x° of x

outo Q2 is de%ermined.

4) Tne preceding scheme is corntinued unmtil tne process con-
verges to a point x, satisfying (2).

It is shown 1in [5] ,[6] that the sequence X° 1l stron-
gly convergent to a point x in a finite rumber oI steps if
eny one ¢TI t.ue tollowing cvnaitions is satisfied:

a) b is finite dimensionsl.
b) A =1O<1,°(2,.... qm} is finite and ell G, are half

gpaces i.e.
S E RN A A

Where U 's are given numbers and B,'s are defined scalars.
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Iz tne next gection, it is shown that the problem of
digital filter design can be reduced 1o one of finding some
common point of s system of convex sets in a finite dimens-
ional space. Each of these sets is such that it is not dif-
ficult to project onto it & given point of the underlying
spece.

III. FIR digital filter synthesis:

Consider the syntnesig ¢of an FIR digital filter having
a prescribed frequency response, which ip defined and section-
slly continuous over tue interval [0, T]. It is known from
tne theory of digital filters tnat tne frequency response of
FIR filters can be represented as s linesr combination of
trigonometric functions, the exact form of whica depends on
tne filter type |1]| . The expansion coefficients are to be
caosen sucn tnat tide synthesized response approximates the
desired one-in the chebysnev sense. In otiher words, we seek
a set of coefficients Biv Byyecey B whicn minimizes the error

function & defined by: N
E(w) = Max |Hd(uJ) - EZ; a, ¢n(UJ)l ceevadl3)
OLwg W B

where H, is tne desired reepongse aad Py, Pr,... P sre tne
basis fﬂnctions representing the rBSpO&Se gf tne nsyntnesized
filter. We ppecify some positive number @ and seek the solu-
tion of tne inequalities

N
-%Qﬂd(w) - Z g, P (wWw)ICT, ugwsT™ . .....(4)

izl
if toe solution of (4) exists, then o 2f" = inf £ (&)
where f(a) = :ﬁ: 8, ﬂn(uJ}. If, on tne other nand, &
i=1

golution to (4) does not exist, then %( f!. In the firast
case B can be reduced, and in tne second it can be increased.
In tnis way ve c¢an obtaln the solution of tne original problem
(3) witnin certein specified to larence. Thus tne prohlem

nas been reduced to tne solution of the auxiliary problem of
golving tae set of linear inequelities (4). But tnis problem
is eguivalent to finding a point of the set q = [} Qq
A€ A

waere: A is tne intervel [0,1f] s
N
qui-a: :Hd{wd)-ﬁgi Zan ﬁn(lﬂu)n _t(a, é(mﬂ)}..(s)

nsl

-
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a is tne vector wnogse components al,'az....., By

&P is tne vector whose components 24 (Wa)» 92(‘°m),---,ﬁN(“%x)-
(a, ¢ ) is the scalar product.

Each of Qo 18 2 nel? space and the space of all vectors s
is evidently of finite-dimension. Hence condition (ai of
section II iec valid. Also, if the freguency interval TT]
is onivided into & grid of frequencieg with finite but 1arge
number of frequency points, then condition (b) is wvamlid-thne
family of sets Qe becomes finite, Conditiona (a) and (b)
eansure tne counvergence of tne process.

IV. The Yrojection Formulae:

Consider a projection step n and let the current_ velue
of tae vector & = (al, &,,... &) be a®. To find ab+l wg
apply tne detfinitipn of ﬁroaectlon given in egustion (1l),i.e.
Tind tae point all*l in tae space by, of all vectors a, wnicn
is nearest to a® and lies inside Q e This requireg tane minli=~
mization ©f the functiomnel,

P B R ERT R IR Cacr: S I YU

where PB isla lagrangian multiplyer. oSetting tne derivatives
i/ pa’?t equa. to,zero and solving the resgulting eguetions
it follows tnat

ar.‘+1 . g2 _(% _ “l )(Zg’i\wd)) ﬁi(wa)sign(E).(T)

[

2

wiere i = 1,2,--.,1.

(W) - (a7, &) ceeean(8)

K

and Wy ig the freguency corresponding to tne set onto whicn
projection s mede. In grinciple, tnis set can be chosen a1
random. However, to accelerate convergence, projection 1is
wade on Tu soe set correeponding to the frequency Waat which
filver specifications (desired response, deviates largely
Trom tae current design at iteration step n [4] » Thug is

determined I‘T‘cm a condition oI tne type: N
Y n .

Hy (W )— E x 9. (wo\p)| = uax |H (Wa) - E X ;Oi(wq)]
0‘“‘("“ l:l

ceeea(9)

The glgorithm srarts by assuming aroltrary values for
G® end Egn.(7) is applied repeatedly until specirTications are
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meT. LQns.i7=G) cnow that eacn step of successive procctions
wal ot reclisec very ciwply. Tae amount of calculatlonrs agso-
aleted wity esch step is usually swall. Witnin esacii ssep,

Tue metnod only requires that tne meximunm of & numericel unc-
vion over mn interval be founad.

V. Exemple sné Discussion:

rig. 1 ana Flg. ¢ give an example of an fIF linear prase

cigitel fllfer deglgned tnroug: tue metnod of successgive pro-
cections. lae corresponding CUiRIP design [4 of tne Filzer
iz snown in Pig. 3. The desizned filter is caoeen 10 aAve ik
following speciiicetions:

Pilter length 43

lst astop=-oend edge UalT

lat trangition band edge C.22

¢nd tranpition band edge .29

2nd svop-oand edge J.34

Meximum deviation bel 0,028

The muccesmsive projections were Jound to comver_v 1L &
iterntiong to 9 specified tolierance belte = uv.uzo. ST LI seedn
Irom curves tauat tae Cownll desipn does ot yleld specilic suua
ed eés as tnose produced by tne method ol succeszeive trn_ ectiovns.
Tnose pand edzee in tug cuase of Jowalr zes.ign ered

151 Stop-band edge v U728
let zransition bana eape wedel
2ng transiiion sand eugf veey
cnd stoo-uand ecge e300

Tue CULWIF design woer, Lo Juct, speciiy re lons ratasr
tawn edger, within wnico foe “reryency regbLunse snauid Lie.
ol exclade wan Tne pAse oun. oo wae SUAnIF desiga is winer
tnan L% in une tecunLque oY wuccezs Ve profections. flg. 6
SuoWs now tae rsate of BVergence ryeeds Uy wnen tae speciiied
tolerance DesTe ig LﬂcrEdﬁbd. ¢ imnereage of Uelte resu_tg
in g repid conver;ence Lowamae T2 specified tolersnes Ulta
no oscillatione,

":

r Ya

i}A

Y e]

VI CONCLUSIUN:

Use of successlve i fszciiorn Tzceunigae reduces 1.i [i0w
plem of ailnluyaXx epproxist:tion =¢ i ol Iinaing a comrnor . oint
01 & system of couvex setve. Jall nEgex 2T n0geible tn availsg
s0lving 8 set ol non-lineer eguarioug in ¥ilter eouation in
Iilter coefificients &s In otrer nininaX eHploXigution. ol _cri-
HAMS . n mdditicn, tue metund T.dws ilnta :unsiqeration pts
trangition sande and tnus preveave z2ny undesirsdle deanvionr
in tnece bands.

n
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Pig.{(1): Magnitude Hesponse of a Band-pass PIR
digital filter denigned by successive

projection Technique).
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Pig.{2): Magnitude Response in dB.



£.62. Mandour, Rl-Awady, bElmikat! & W

el r——wuu—
1.0}
.8}
i
X
4
S 0.6}
[ -]
o
<
3 o4r
wd
1Y
)]
=
0.2 |
o ) 3 §
O.l 0.2 OQB 004 0(5
Frequenscy

P1g.(3): Magnitude Kesponae of Bend-pass filter
Designed by CONRIP Technique.
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P12.(4): Change in the maximum absolute srror in the
designed reaponss with the nuaber of iterations.




