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Question 1 (30 poin t)

..'1. [10 pts] r f solution 0 f (1 - X2)y" (x) - 2xy' (x) + ZOy(x) = 0

where y(O) = 3 , y' (0) = 0 can be expressed bv power series y(x) = L:=o unxTl. Find

i) The recurrcnc~ relation for an
,- 00 -1 rc!)

b. IlO pts] Prove that Iooo C°ixX) dx = ~i(Hint: use the relation Io t'l e-xtdt ::= -Jx .

Then multiply both side by cos (x) and integrate with respect to x from 0 10 (X))

IT .

c. (S pts] Find I = ~2 X2 J'}Cx)dxo .-
2

d. [5 pts] Show that y(x) = JihJx) is solution of x2y" (x) + (x2 - 2)y(x) = 0
l

Question 2 l25 point]

8. lW pts] Expand the function lex) = [x] where -1 < x :::;;1in term of Legendre

polynomials. Find the first two nonzero terms

b. pS pts] IflCx) = x - X2 where 0 ::; x < 1. Find

. l~ . C' . S" 'Tl 1" 00 1 T[zij Founer osrne enes.u nen prove t rat Lm:::l nZ = -6-

")f' . -r ' S" "]'1 . 1 ~'OO (_1)11 re:
l

11 ouricr Sine enes. .ien prove t tat Lm=O ---"3 = -:--:-. (2n+1) H

[

. 2
iii) W,Hhout Xr~~l1tiolll if lex) = xz- x ~l < x :::;;:H.

. x -x -·l<x<O
1

Jf = f_
1
f(X)Sin(5rrX) cos(4ux)dx

Find

You can ust' the following relations through the exam:

PoCx) ::..:1 PL(X)=X hCx) 0;:: J~2Sin(X) I'(x) > i""e-1e-·trlt
"2 . Toe

ir
I'(x) ro -vr) z: ..-.:----.-:- (j < .r <1

. . SlH(1fX)

n

J
2 - (1 JW e""1PCx }/) = 2 sin!..\"·-I(t)cosl.y-1(l)· tit tz: / t.l"-1(1- t)y-Jdi = -:----. +d:

!-,. '. () , . . 0 .0 (1 -I- i:).\IY
,t. ,,~
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3. (21) Show that u.(x, y) :::::X -I-eY cos x is harmonic. Find an analytic [10 pts]

function fez) = ll(x, y) + iv(x, y) as a function of z.

(b) Show that [sinh y] < [sin z] < cosh y. Describe the points z at [10 pts]

which:

1. Isinzl= [sinh y].

n. Isirrz I = cosh y.

(c) 1. Let z = .x + iy, Define each of the following: ,

-z, z; [z], Arg z and arg z.
11. Consider the nth roots Wk of the complex number z == -1.

1. Write the algebraic properties of Wk'

2. Write the geometric properties of W'c"

3. There are some properties of Wk which depend on the

evenness or oddness of 11, write some of these properties.

[10 pts]

4t Cm) Evaluate the following without using the residue theorem: [10 pts]

1. fe (eCOSZ sin z + z)dz, where c is the Iine segment fr0111Z .:......

o to Z :::: ~ +- i ~. Put your answer in the form a -I- ib.
2 2

~ (Z2 + COS Z ):i
11. Izl=2 e Z(Z-l)3) Z.

(b) Use the residue theorem to evaluate [10 pts]

(
. 1 )smz 3 ,3 -r + - (z - 1)' eZ-l dz ..1'lzl=2 . ( 11:)2 2\Z z-- _.

2

(c) Consider the functionf given by f(z)' =.. 1 ,Ial < Ibl.
. (z+a)(z-b)

[10 pts]

1. Expand f in Cl Laurent series valid in 1a I < 1z 1 < 1 b I·
ii. Use the Laurent series expansion obtained above to calculate

, 10 - d10 reo)
.flzl=lal;lbl Z f (z)dz and dz10 .

1. A. EI-Awac1i



Useful relations:
1) f x" 1n-1 (x)dx = x"In (x) + c.

2) f x-n 1n+1(x)dx = -x-n1n (x) + c.

00 (_1)T (X)n+21'
3) In (x) = 2:1'=0 rlf(n+1'+1) 2' .

2n
4) -In (x) = 1n-1 (x) +1n+1(x).x

2n+1 n5) Pn+l(x) = -xPn(x) - -Pn-l(X).n+1 n+1


