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In this article, the multistage homotopy perturbation method (MHPM) is

Fractional calculus;
Lorenz system;

The multistage
homotopy perturbation
method.

applied for solving differential systems with fractional order derivatives
in the Caputo sense. This method is a modification of the standard
homotopy perturbation method (HPM). A fractional Lorenz system as
an application is presented for which some numerical comparisons

between the (MHPM) and (HPM) with the 4th order Runge-Kutta
method (RK4). The results reveal that the used pre-mentioned procedure
(MHPM) is a reliable and an effective tool for constructing an accurate
approximate solution for the fractional Lorenz system.

© Faculty of Science, Tanta University.

1. Introduction

It is well-known that the Lorenz system [1]
which is an idealized model describing
turbulent flow in the atmosphere. The
atmosphere is just one of many
hydrodynamical systems which exhibit a
variety of solution behavior: some flows are
steady, others oscillate between two or more
states and still others vary in an irregular
manner. This last class of behavior in a fluid is
known as turbulence or in more general
systems as chaos.

Briefly, the original derivation of the model
can be described as in [2]. A two-dimensional
fluid cell is heated from below and cooled
from above and the resulting convective

motion is modeled by a system of ordinary
differential equations as:

dx

d—; = o(y—x)

dy

o = Ty -—zz (¢D)
dz

— = xy— bz

dt o

where X, y and z are respectively, the variable x
measures the convective velocity, the variable y
measures the horizontal temperature variation
and z represents the temperature difference
between rising and falling flows. o, b and the
so-called bifurcation parameter r are positive
real parameters. o is proportional to Prandtl
number (it involves the viscosity and thermal
conductivity of the fluid), r is a control
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parameter (it is proportional to the Rayleigh
number) and b involves the coefficients of
thermal expansion. These equations (1) led
Lorenz to the discovery of sensitive dependence
of initial conditions as an essential factor of
unpredictability in many systems. Since that
time, about 1963, the Lorenz system has
become one of the most widely studied systems
of ODES because of its wide range of behavior.

Most of nonlinear systems do not have exact
analytic solutions, so numerical and analytic

approximation techniques must be used. Such as,

4-th order Runge-Kutta method, variation
iteration method [3, 4], Adomian decomposition
method (ADM) [4, 5, 6], and the homotopy
perturbation method (HPM) [7, 8]. The ADM
can be applied to

solve many linear or nonlinear differential
equations. But one of its disadvantages is the
inherent difficulty in calculating the Adomian
polynomials. (HPM) overcomes the
disadvantages of (ADM). The (HPM) was first
proposed by Chinese mathematician He in
(1998) [9]. The main idea of this method is to
introduce a homotopy parameter p, p € [0,1].
The perturbation methods have some
limitations; for example, the approximate
solution involves series of small parameters
which poses difficulty since most of nonlinear
problems have no small parameters at all. In
contrast to the traditional perturbation methods,
the (HPM) technique does not require a small
parameter in an equation. Moreover, there is no
need to the discretization of the variables. Using
the method, we can easily get an analytical
approximate solution to a wide range of
nonlinear problems in applied sciences. In [10],
the authors presented an algorithm based on
(HPM) for solving a boundary-value problem,
Gill et al. [11] studied the ion-acoustic solitons
in a weakly relativistic electronpositronion
plasma using (HPM), In [12], inverse
problem of diffusion equation was dealt with
(HPM). The HPM vyields a very rapid

convergence of the solution series in most cases,

usually only a few iterations leading to very
accurate solutions.

The pre-described model had been investigated
before by many authors. Some authors studied
the behavior of its solutions like [13, 14]. The

lorenz system has been solved by the (ADM) [5].

Also, a fractional Lorenz system is dealt by the
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homotopy analysis method [15]. The model (1)
with integer order derivatives was treated
analytically by the (MHPM) method [16].

In this paper we apply the multistage homotopy
perturbation method (MHPM) to solve Lorenz
system with fractional order derivatives in the
Caputo sense. Fractional derivatives play key
role in modeling. Thus, Fractional Lorenz
system may be introduced to provide a good
simulation for the model. The (MHPM) is
considered as a modification of the standard
(HPM) [11]. In view of (MHPM), the (HPM) is
treated as an algorithm in a sequence of
subintervals for finding an accurate approximate
solution to the corresponding Lorenz system.

This paper is organized as follows: Section (2)
is concerned with some definitions for the
fractional calculus, Section (3) is devoted to the
basic ideas of the (HPM) and (MHPM). In

section (4), an application for the used
technique with some comparisons are
introduced.

2. Preliminaries

In this section we review some basic definitions
in fractional calculus, and some of its properties
[17].

Definition 1. The function f(x) is said to be in the
space Li[a,b] if f(x) is Lebesgue integrable on
[a,b].

Definition 2. The Riemann-Liouville fractional
integral operator of order a > 0 of a function f(x)
€ L, is defined by

I(C; = p((,,) f a lf( )
When a = 0, we can write 1; = I%. Some
properties of the operator £i' can be found in [18].
For f(x) € Ly,0,4 >0 and y > —1; we have

L L f(e) = I3 f(2)

2 II  f(z) = 1577 f(x)

[L(y+1) ,I,()Hr"{
I'(y+a+1)™

3. %7 =
Definition 3. The fractional derivative of order
a(m—1 < a < m) in the Caputo sense for a
function f(x) € L, is defined as
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(l?!.’

Df(x) = I f(x)

1 T (.‘Tn.
— r—t m—a—1 /
I'(m — ) _/” (z=1) dtm 1)

Lemmal Fora € (m—1,m),me N and f(x) €
L;, then

o DI f(x) = f(x)

m

° I“Duf(ﬂj) f(’lf) Z f ((1) a)k,

3. The basic idea of the HPM

In reviewing the basic idea of the (HPM) [19].
Consider a nonlinear differential equation

L(u) + N(u) =f(r), reQ 2
with boundary conditions

du
B(u, ()ﬁ) =0, reT 3)
where L is a linear operator, while N is a
nonlinear operator, B is a boundary operator, I'
is the boundary of the domain Q and f(r) is a
known analytic function.

Using the homotopy technique proposed by

Liao in [20, 21], we construct a homotopy of Eq.

(2) o(r,p) : Q x [0,1] — R which satisfies

H(v,p) = (1-p)[L()~L(Uo)]+p[L(0)+N(v)—f(r)] = 0
(4)

and which is equivalent to

H(v,p) = L(v)~L(Uo)+pL(uo)+p[N(v)—f(r)] = 0
(5)

where p € [0,1] is an embedding parameter and
Uo IS an initial approximation of Eq. (2) which
satisfies the boundary conditions (3). It is clear
that Egs. (4), (5) give

H(v,0) = L(v) — L(uo) =0 (6)
H(v,1) = L(v) + N(v) = () = 0 (7)

The changing process of p from zero to unity is
just that of o(r,p) from up(r) to u(r). In topology,
this is called deformation, and L(v) — L(uo),
L(v)*N(v)—f(r) are called homotopic. The
(HPM) assumes that the solution of Eq. (5) can
be expressed as a power series in p;

v=vo+por+ p21)2+ p31)3+ (8)

when p — 1, Eq. (5) corresponds to Eq. (4) and
then Eq. (8) becomes the approximate solution
of Eq. (2), i.e,

u=limo=ovg+o1+0vr+03+ .. 9
p—1

For the convergence of the series (9), see [7, 8].
It is worth mentioning that the operator L, and
the initial approximation are freely chosen.

3.1.The (HPM) for a system of fractional
differential equations

In this section, we extend the application of
(HPM) to solve a system of fractional order
differential equations of the form:

yi = fi(tyny2,+ \Yn) (10)

with the initial condition:
ygk)(tg) =c k=0,12,,my

where fi’s are linear or nonlinear functions and

m<a<m+1, m=0,12,-

Following the approach given for the (HPM) in
[7, 8], we construct a homotopy for the Eq. (10)
which satisfies the following relations:

D%i=pfi(t.yLy2 - \Yn) (11)

where i = 1,2,--- ,n, p € [0,1]. As mentioned
before, the basic assumption is that the solution
of Eq. (10) can be expanded as a power series in
p as:

Yit) = Yio+ PYir + pXYio + .. (12)
and the initial conditions can be written as
y (to) =y (o) = &, 4P (k) =0 j=1,2.3,..

(13)
The nonlinear functions f;’s can be decomposed

as
—S i, (14)

n=0

where Hiy’s are called He polynomials that
defined by [22] as

1 dr "
H.Fn — T.’Td/\" Z)\ Yij, Z/\jyzl Z/\jg”,‘)

=0 4=0 A=0

(15)



Substituting Eq. (12) and Eq. (14) into Eq. (11)
and collecting the terms of the same powers of p,
we obtain

p’°: D% =0

p': D% =Hu(tyioY20, Yro) (16)
P’ D%i = Hia(tyio,Y20* YnoYirYa1, Y1)
p3: D“iyig = His(t,y10,"** \Ynos*** Yot " »Yn2)

Applying the integral operator Iz)" (Iffj means
integration from ty to t) for both sides of the Egs.
(16) with the initial conditions (13) hence, the
unknown function y;j(t) can be determined. By
setting p =1 in (12), the HPM serious solutions
to Eq. (11) are given as
(e @]
yi(t) :Zy'ij(t)v 1212~37 1

j=1

So, the m-approximations of the (HPM) series
solution can be expressed as

m—1

yi(t) = Z vii(t)y, 1=123,---,n. (17)
=0

3.2.The concept of the (MHPM)

Unfortunately, (HPM) gives a good
approximation only in a neighborhood of the
initial time. The (MHPM) modification is
introduced to improve this defect. This
modification was introduced by M. Chowdhur
in (2009) [23]. According to the technique of
(MHPM), the (HPM) is treated as an algorithm
in a sequence of intervals for finding accurate
approximate solution to Eg. (11). So, the time
interval [0; t) can be divided into a sequence of
subintervals [to; t1]; [t1; t2];...; [t-1; ], in which
to = 0, tj = t. Every subinterval can be chosen to
have the same length At. Thus, if we denote to
the initial time of every subinterval with t*, the
initial approximations take the form

uh(t) = yF(t*)

where t* is the left-end point of each subinterval,
k represents the number of the current
subinterval and when k = 1, t* = t,. Therefore,
the series solution in every subinterval becomes
in the form

U:L(t) = ZU:‘)(I‘ —t*), i=1,2,---.n (18)
j=0
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4. Applications

In this section, we study the lorenz system (1) in
case of replacing the first order derivative in
time by the Caputo fractional derivative of order
o, (0<a<l)as

D%z(t) = o(y—x)
D(t) = rx—y—zxz (19)
D%(t) = zy—bz

d : I -
where D = Py subject to the initial conditions

z(t*) =ao, y(t*)=bo, 2(t')=er (20)
According to the (HPM)(back to section (3.1)),
by collecting the terms of the same powers of p,
the Egs. (19) is turned to an infinite number of
linear systems of triple fractional differential
equations as follows:

p’: D™() =0

Do(t) =0
D(t) =0

P D™a(t) = olyo(t) — Xo(t)
Da(t) = rxo(t) — Yo(t) — Xo(t)zo(t) (21)
Dzi(t) = —bzo(t) + Xo(t)yo(t)

P’ D%(Y) = oy —xat)
Da(t) = mxa(t) = ya(®) — Xo(t)za(t) — Xa(V)zo(t)
D2(t) = —bzi(t) + xa(t)Yo(t) + Xo(t)ya(t)

and so on for p% p* ... with the initial

conditions
Xo(t) = X(t*) = ao; Yo(t*) = y(t*) = bo; zo(t*) = z(t) = Co
xi(t) = 0; yi(t) =0; z(t*) =0,i=1,2,3,... (22)
and so on.

Now we solve the above systems (21) for the
unknown xm(t), ym(t) and zn(t) by applying the
inverse operator 1%, (0 < o < 1), where the series
solutions are considered as

x(®) = %, xm(®), y(©) = 3 ym(®) and
2(6) = 3, o Zm (D).
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Therefore, the mth term approximation for the
solutions of (19) can be expressed as

| B (t e tt)ma
Zm(t) = Gm I(ma+1)’
B (f i tt)ﬂl(]
ym(t) - bmm (23)
t — t*\ma
zm(t) = ( )

i ['(ma+1)

where the coefficients take the form
am = U(bm—l - (lm—l)-

m—1 kCm—-1-k
k=0 kl(m —1—k)!’

- b1k
Cm — —b(‘m_l + ("I - ])'Z;‘n:()lm

bm ram-1 —bm—1—(m—1)!¥

(24)

To carry out the used technique in every
subinterval of equal length At, [0; ty); [t1; to);
[to; t3); ... [th1; t), we need to know the values
of the following initial conditions for every
subinterval:

a0 =X(t), bo=y(t), Co=2z(") (25)

In general, we don't have these information at
our clearance except at the initial point t =t =
0 but we can obtain these values by using the
(MHPM) as given in Section (3.2).

4.1.Results and discussion

Following the studies of Lorenz, he chose ¢ =
10 (a realistic value for water) and b = 8/3. For
comparison with Chowdhury et al. [23], we take
the initial conditions as x(0) = -15.8, y(0) = -
17.48 and z(0) = 35.64 at the standard case (a =

1). For the system (1), it is well known that the

g(g+b+3)

value r = is critical value for the

chaos sets [1, 2]. So, in this case the critical
value is r = 24.74. Thus, for comparison, we
shall consider two cases: r = 28 where the
system exhibits chaotic behavior and r = 23.5
where the system is non-chaotic.

4.1.1. Chaotic solutions

At first, we consider the chaotic case when r =
28 with the parameters ¢ and b as given above.
The (MHPM)-series solutions of chaotic system
(19) for t with x(t), y(t) and z(t) when a change
from 1 to 0:99 are plotted in Fig. (1). The phase
portraits of xyz when o = 1, 0.99 and 0.97
respectively, using 10-term (MHPM) with At =
0.01 in the time domain [0; 20] are obtained as
presented in Fig. (2). In Fig. (2a), (2b) and (2c),
the solutions agree with the solutions in [23]
when a = 1. But, they are different when the
derivative order a is changed.

In table (1), we present the absolute errors
between the 10-term (MHPM) solutions and the
10-term HPM solutions and the (RK4) solutions
on time step h=0.01 and o= 1 for r = 28.

- )
T < T <

Figure (1): MHPM solutions for chaotic case of
fractional Lorenz system in the standard case and
when a = 0.99. (a) Time response of x(t); (b) Time
response of y(t) and (c) Time response of z(t).
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¥ ¥ ‘ ¥
Figure (2): Phase portraits using 20-term MHPM on At = 0.01 for r = 28 when (a)Phase portrait for chaotic case when a = 1;
(b)Phase portrait for chaotic case when a = 0.99; (c)Phase portrait for chaotic case when o = 0.97.

Table (1): Differences between 10-term HPM and 10-term MHPM with RK4 solutions forr =28, a =1

A = [MHPMoon — RK 49,01

A = |HPJ‘[0_001 - Rl\.40A0||

t Ar Ay Az Ar Ay Az

1 3.4500FE — 005 2.9379E — 005 1.3768E — 004 1.5090E + 007 6.7601E + 006 4.5031F + 007
2 1.0694E — 004 1.4802E — 004 2.0225E — 004  T7.3686E + 009 5.3799E + 008 2.4095E + 010
3 R.4308E — 005 4.9054F — 004 7.1111E - 004 2.7486FE + 011 7.3601E + 010 9.2858F + 011
4 1.3897E — 004 1.5796E — 004 3.5045E — 005  3.5959F + 012 1.3310F + 012 1.2354F + 013
5 4.5974F — 004 7.7596E — 004 4.8366E — 004 2.6482F + 013 1.1475E + 013 9.1919F + 013
6 0.0031E — 000 0.0052E — 000 4.3641E — 004  1.3554E + 014 6.4540F + 013 4.7371F + 014
7 0.0028E — 000 0.0034E — 000 0.0017E — 000  5.3949¢ + 014 2.7363E + 014 1.8949F + 015
8 0.0090E — 000 0.0145E — 000 0.0044E — 000  1.7861E + 015 9.4787F + 014 6.2973E + 015
9 0.1280E — 000 0.2492E — 000 0.0268E — 000 5.1370E + 015 2.8206E + 015 1.8164E + 016

4.1.2. Non- chaotic solutions

Now, we consider the non-chaotic case when r =
23.5 with the other parameters ¢ and b as given
before. The (MHPM)-series solutions of chaotic
system (19) for t with x(t), y(t) and z(t) when o
change from 1 to 0.99 are plotted in Fig. (3).
The phase portraits of xyz when a = 1; 0.99 and

-

0.95, respectively, using 10-term (MHPM) with
At =0.01 in the time domain [0,20] are obtained
as presented in Fig. (4). In Fig. (4a) the solution
agrees with (MHPM) solution in [23], while in
Fig. (4b) and (4c), they are different when the
derivative order a.

.
2 4 6 8 10 12 14 16 18 20
t

Figure (3): MHPM solutions for non-chaotic case of
fractional Lorenz system when o = 1, 0.99. (a) Time
response of x(t); (b) Time response of y(t) and (c)
Time response of z(t).
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Figure (4): MHPM solutions for non chaotic cases of fractional Lorenz system when (a) a = 1; (b) a« = 0.99; (c) a = 0.95.

Table (2): Differences between 10-term HPM and 10-term MHPM with RK4 solutions forr =23.5, 0= 1

A = |MHPMo 001 — RK4001|

A = |HPMy.001 — RK4q.01|

t Arx Ay Az Arx Ay Az

1 2.5671E — 006 6.9147E — 006 1.8169E — 005 22745E + 007 2.6192F + 007 RARSGE + 007
2 2.6364E — 005 1.0219E — 005 6.2253E — 005  1.O180E + 010 2.0639E + 010 4.2200E + 010
3 4.1138E — 005 7.3301E — 006 7.0878E — 005  3.6736E + 011 8.8160E + 011 1.58%2F + 012
4 5H.8762F — 005 7.9162FE — 005 5.0206E — 005 4.7218FE + 012 1.2308E + 013 2.0878F + 013
5 9.6981FE — 005 9.9348E — 005 8.9802F — 005 L.7470F + 014 9.4183F + 013 1.5423F + 014
6 4.8250FE — 005 9.8317F — 005 3.887T4FE — 005 1.7470FE + 014 4.9436F + 014 7.9099E + 014
7 5.8660F — 005 1.9656E — 004 8.2328E — 005  6.9158E + 014 2.0033E + 015 3.1532E + 015
8 0.7538E — 007 7.3327E — 005 1.3607E — 004 2.2802FE + 015 6.7217TE + 015 1.0452F + 016
9 7.7121E — 005 5.4564F — 005 2.8032E — 004  6.5366E + 015 1.9533E + 016 3.0087E + 016

For a comparison between HPM and (MHPM) References

with the numerical method (RK4) in case of the
integer order a = 1 for r = 23:5, the absolute
errors between the 10-term (MHPM) solutions
and the 10-term HPM solutions and the (RK4)
solutions are considered in the following table

).
5. Conclusions

The main aim of this work is to use the
multistage homotopy perturbation method
(MHPM) which is a modification to the
standard (HPM) to solve the fractional Lorenz
system. The numerical comparison between the
solutions of (MHPM) and (HPM) with the
fourth order Runge-Kutta method (RK4) tells us
that the solutions obtained by the standard
(HPM) aren't valid for a long time. While the
solutions obtained by the (MHPM) are highly
accurate for a longtime, usually only a few
approximations leading to very accurate
solutions. So, the (MHPM) is reliable and
effective tool moreover, it is very easy to apply.
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