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First part: Complex Analysis

Question (1) [30 pts]

a) (8 pts] Use De Moivre's theorem to prove that

cosS8 = 16 cos ' () - 20 cos ' f) + S cos(}.

b) [8 pts] Solve the equation z 4 - (l + i ) = 0 .

c) [8 pts] Show that u(x, y) = X y3 - x3 Y is a harmonic function in the whole plane

and find its harmonic conjugate vex, y) . Express the function

fez) = u(x, y) + i vex, y) as a function of the complex variable z.

d) [6 pts] Prove that Zlim does not exist.
z-+o z

Question (2) [25 pts]

a) [6 pts] Find the region in which the following function is analytic.

f (z ) = e" (cos y + i siny ) .

b) [6 pts] Solve the equation eZ = 2.

c) [8 pts] Evaluate the complex integral q JZ + 1 dz, where C is the circle C:
c z (z -1)

[z 1=2.

d) [5 pts] Evaluate f zdz from z =0 to z =4+2i along the curve C =CjUC2
c

where Cl is the vertical straight line from z = 0 to z = 2i and C 2 is the horizontal

line from z = 2i to z = 4 + 2i .
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Question 3 [30 point]

a. [10 pts] If solution of (1- XZ)yll (x) - 2xy' (x) + 20y(x) = 0

where y(O) = 3 , y' (0) = 0 can be expressed by power series.yfx) "':""2:::=10 anxn. Find
. . . . ,. ;

i) The recurrence relation for an ii) a6 , as , a4 , a3 , az , al ,ao
1

COO cos(x) fi f.OO -1 t f(z)
b. [10 pts]Prove that Jo . {X dx = ~2 (Hint: use the relation 0 t 2 e-X dt = ..;x .

The-i multiply both side by cos (x) and integrate with respect to x from 0 to CX))

7T.

c. [5 pts] Find 1 = Jl X2 ft (x)dx .
2

d. [5 pts] Show that y(x) = {iJ!..(x)' is solution ofxZy"(x) + (x2 - 2)y(x) =0
Z

Question 4 [25 point]

a. [10 pts] Expand the function [(x) = Ixl where -1< x ::; 1in term of Legendre

polynomials. Find the first two non zero terms

b. [15 pts] 1f [ex) = x - XZ where 0 < x ::; 1. Find

i) F . C . S· Tl I"" 00 1 rrzn rouner osrne enes. ten prove t tat Lm=l nZ = (;
..) F . S' S' Tl ",,00 (_l)n rr311 -ouner : me , enes .. 'ien prove that Lm=O 3 :::: -:-

(2n+l) 32

iii) "Vithout: Integration if [(x) = [XZ- XZ
x -x

o <x< 1.·
-l<x<O

Find

I = L:r(X)Sin(5rrX) cos(4rrx)dx

You can use the following relations througb the exam:

Pz(x) = -21(3x' -1) hex) ~ J 2 sin(x) I'(x) ~ lOOtX-1e-tdt
'2 1fX

P4(X) = ~ (35x4 - 30x2 + 3) f(x)r(l - x) = SinZrrX) 0 < x < 1

Po(x) = 1

IT

}
'2 1 fOO e-1

(J(x,y) == 2 sin2x-l(t)cos2y-l(t)dt = J e-1(1- t)y-1dt = ., "x+y dt
o 0 0 (.l. + t)

Good Luck Dr. Ahmed Heikal Page 2



Second semester: 2013-2014
Math. 4 - Code: BAS 5121

~ inal Semester Exam

Mansoura University (.;:.~) ~l:i.j!vl.J1
Faculty of Engineerig Time 3 hr.

~.lW"'" First year Production (Date: May, 2014)

Answer the following questions [Full Marks 110]

Question 1 [28 Marks]

(a) Prove that: r(~)= .j;. [8 marks]

I

(b) Evaluate the integrals: (i) f.J -In x dx
o

2

(ii) f.J tan x dx .
o

[8 marks]

(c) Prove that: ~ [xl1 In (x)] = x" JI1_1 (x), where In (x) is the Bessel function of order n.

[8 marks]

(d) Write the general solution of the Legendre D. E. (1- X)2 y" - 2xy' + 30y = O. [4 marks]

I(x)

I·········
Question 2 [27 Marks]

(a) Find the Fourier sine series to the function shown in Fig.

[8 marks]

(b) Use [he Fourrer cosine integral representation to the functnoll1 f(x) = e -3x ,x > 0, prove that:

>:l •

J (j) SIn to x d J[ -3x 0
(j)=-e x>

o 9+(j)2 2' . [6 marks]

(c) (1) Use the separation of variables technique; find the solution of the heat equation:

PJDlE: U,(x,t)= kU.o_(x,t), 0 < x < L, t> °
BC: U(O,t)= U(L,t)= 0,

re. U(x,O) = f(x).

(ii) Find the solution if: le = 1, L = 2 am! f(x) is tl e function shown in the Fig. or ntem (a}.

. [13 marks 1
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Question3: [28 Points]

a) [6 Points] For any two complex numbers Zl and Z2, prove that

IZ1 + z212 + IZ1 - z212 = 2(lzll2 + IZ212).

b) [6 Points] Describe graphically the region represented by

c) [4 Points] Prove that if fez) = u(x,y) + iv(x,y) is analytic in a domain

D, then each of the functions ,:(x,y) and v(x,y) are harmonic in D.
1

d) [6 Points] Find all possible values of (-1-i)3 and (-l)i.

e) [6 Points] Solve the equation

cosz=3.

Question 4: [27 Points]

a) [9 Points] Evaluate

f ( sinz ze? IT SinhZ)
cosh z + -- + -- + ez + ( .)2 dz

Izl=2 Z Z - 1 z z - L

b) [9 Points] Expand -1 in Laurent series valid for:
- (z-1)(Z-2)

I. 1 < [z] < 2,

11. [z] > 2.

c) [9 Points] Use the residue theorem to evaluate

f2IT sin2 e cle .
o 5 + 4 cos e

With my best wishes Dr. Moharned Soror


