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ABSTRACT:

The turbulent fow betweey concentric cylinders both rotating in the same ar opposite
directions is investigated theoreticaily. A fivite difference scheme is developced 1o solve the
boundary layer equations coverning the flow. A (wo-equation model of turbulence was
employed in this study. Modifications have been mwade to the model to take into account
the effect of rotation of the cylinders and the existing of the wall. The effect of changing the
radius ratio, axial Reynolds number aod angular velocity ratio on the hydraulic friction head
loss of air is studied. Distributions for sxial mean velocity, tangeotial mean velocity,
turbulence intensity and shear stress in both the entrance region and fully developed region
are predicted, also. Comparisoos of the present numerical results wilh other investigators
resulls show good agresmen:.

1.INTRODUCTION:

Tutbulent flow between concentric cylimders (one of them rotating) occurs in various
rotating machinery such asjournal bearing, axial flow between the stationary and rotating
parts of turbo-machines and the flow in the rising line of deep we!l purnps. One of the
important examples is the cooling systein of gas turbine rotor, where some portion of the
cooling air can be supplied to the rotor acea through an annular duct, formed by two
coaxial cylivders, with the inner cylinder rotating, Flow in such system can be characterized
by very high Reynolds oumber (R.= 105). Most of papers dealing with this type of low
analyze the problem in the range of low or moderate R, in an effort to explain the nature of
Taylor vortices and to quantify their complex elfects. There are very few data, botb
experimental and theoretical, from the raog of high R,.

The papers of Yamada [1,2] are dealing with high rotational R, and axial throughflow.
Kaye and Elgar [3] used the axial Reynolds number (R;) and Taylor number as critenia,
characterizing the flow, to distinguish four distinct flow regimes. These rcgimes are lamirar
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flow, laminar flow with Taylor vortices, lurbulent flow and turbulent flow with Taylor
vortices. The boundaries of the regimes werce conveniently represented by a plot of the axial
Reynoids number  versus Taylor number, The experimenis of Kaye and Elgar [3] were
extended to higher Reyuolds and Taylor numbers by Kosterin, Koshmanow and Finatyew,
and are quoted in [4].

Mansour [5] investigated theoretically 1he hydraulic resistance in an annulus of concentric
rotating cylinders. The axial and tangential velocity distributious were introduced. He
assumed that the annulus is long enough and a uniform purely developed Jaminar flow is
considered. He found that rotation affects the friction coclficient as well as the axal and
tangential velocity distibutions. He cancluded that the friction coefficient for an aonulus of
rotating walls is higher than that for stationary walis. Also, the friction coefficient ratio
increases  with the increase of both speed ratio (wr/u) and the relative angular velocity ratio

(@) /w,).

Boubnov et al [6] investigated the stability conditions ¢ the {low between two concentric
cylinders with the inner one totating. They employed a fluid with axial, stable Jinear density
stratification. They used a gap of radius ratio 0.275. Experiments show that stratification
bas stabilizing effect on the flow with the critical Reynolds oumber depending on the
buoyancy frequency of the fluid. The sclected vertical wave length at onset of instability is
reduced by stratification effect and is for the geometry considered only about half the gap
width. They devided the flow regimes into three regimes depending on both Reynolds
number and Froud number,

Although the stability of superentical circular couctte flow has been studied extensively,
results for the velocity field of the flow are limited. Recently, Lthe azimuthal velocity profiles
for the Taylor vortex, wavy vortex and turbulent Taylor vortex flow in the annuius between
a rotating inner cylinder and a fixed outer cylinder with fixed end conditions were measured
using laser Doppler velocimetry by Wereley and Lueptow [7]. They measured the
azimutbal velocity at several points distributed at both radial and axial directions for several
Reynolds number. Increasing Reynolds number indicated that: the magnitude of the ra i3l
gradient of azmuthal velocity near both cylinders increases and the radial outflow region
between pairs of vortices becames increasingly jet-like.

The present investigation is concemed with the theorctical study of the development of
turbulent ftow in concentric annulus at different conditions such as rotating the inaer and
outer cylinders in the same or opposite directions at different velocity ratios, Steady axial
flow is assumed to exist uader a constant axial pressure gradient. The aim of this study is to
develop a finite difference scheme using the available turbulence models to predict the low
patterns and its effect on the hydraulic loss coefficient.

2.GQVERNING EQUATIONS:

Assuming that the floid has constant physical properties and the (ow is steady
axisymmetric with the absence of body forces. The equations goveming the fluid motion of

an annulus with rotating cylinders and axial throughflow, in cylindrical polar coordinates,
are:

r-niomerium equation:
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8 -momentum equation:

v, & + !.".ﬁ! + ¥V, ﬁ% = v[ i i (,.a..’.’.!] - Ve + Q.ZL?. (2)
or r o r or gz’

z -montentum equation:

LW, W, L 1_?_(%J+_La‘*’v 3
lr.a'.-l'l",air paz+v[rar’ar Bt [ r— (3)

Continuity equation:

L R ()

Scalar property ¢.

The transport equation of the scalar quaotities: turbulent kinetic energy , its dissipation
rate £ and the Reynolds stresses in a geaeral from is:

a d a
DE(”V=Q)+95;(?V..)=--&—_(?J,.)+ Pl ¢ T R — (%)

where ¢ is the required scalar quantity. J, is the Dux of the scalar property ¢, 7 is the
generation rate of ¢ and D, is the dissipation rate of ¢. The velocity compoaents (¥, V,
and ¥y ) and the scalar property ¢ represent tine average values.

Applyiog the well known Prandtl boundary layer assumptions and check the order of
magnitude of each term of the above equations [8), equations (1), (2)and (3), which
represeat the momentum equations for the flow in the entry region, may be reduced to the
following simplified boundary layer equatioas:

Vi oP
LS i B e (6
P r or )
Vo vy v 9 [ aV)
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g TH s @
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The fully developed flow, which occurs if the annulus is sufficiently loog, provides an
analytical check on the finite diffecence solution to be obtained. After passing the initial
section, all derivatives in the axial direction become zero, except the constaat pressure
gradient (0/0z) = 0 . Additionally, there are no variation in the tangential direction
(8/80) = 0, because of the axial symmetry of the system. With these simplifications and
the assumptions of negligible dissipation rate and no body forces, except the centrifugal
force, the equations of conservation for an incompressible turbulent flow will take the form:
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Figure (i) Mesh network and coatrol volumes for finite difference representation

Integrating the cootinuity equation over the ¥,-control volume gives:
[ (prs¥.vn)? -(prs¥. Vm)’ ] + [pr(Ve-GV.)Vz), - [pr(Ve-GV.)Vz] = 0. (19)
(¥9), equals to (V). aud ¥, equals to (Vy),.;.
The equation of ¥, can be obtained by replacing ¢ by V; in equation (18), as follows:
AP (V)2 = A% (Y 4 AR )0+ AR (V) 4 By e (20)

where the constants 4 are coefficients of integration, superscript {/ denotes upstream
conditions while D denotes dowastream conditions and 8, is:

B = -(rﬁ)f V: Vn (d_P/d:]

Tn coufined flow (@P/dz)is not known. An estimated pressure field (dP/dz )" is used with
the transport equation of ¥,~moruentum to obtain a preliminary ¥,-velocity distribution, say
((¥:)7 )" This velocity feld satisfies the momentum equation but it does not satisfy the
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continuity equation. The pressure and velocity are then corrected in the following way ; 13):
To estimote the mass-flux jrmbalance at each node, a velocity correction ((V,); ) was
added to ((V.) ) in order to satisfy the continuity equation. An approximate relation

between (V)7 ) and the corresponding pressure correction (dP/dz) can be obtained
fom u-momentum cguauon Solvmg both equations will lead to the pressure and velocity
corrections, ((¥.)7 ) and (dP[dz) respectively. Better approximatious for the pressure
gradient and the velocity field can be obtained as:

@Pldz = (@Pdz)* + (APdz) .oooooeoorerreers (21)

DR (B DR T((23 A N (22)

The new velocity field satisfied the continuity equation exactly. But, the substitution with
the new pressure gradient in the ¥,-momentum equation will lead to a velocity field which
does not satisfy continuily equaticii exactly. An iterative procedure is needed before
marching downstream to the next cross-stream plane until the difference is less than 0.3%.

By the same manner, equation of ¥y is:
AZr (V0); = Aly (Vo)) + ADw VO)J,, + A2y (VO)), + Buy eunnn (23)
where By = ~(r8)) vz (P2, - P7)

A-coefficients and B-coefficient have the subscript ¥y because they are obtained from
integration of equation (5) over the Vg-control volume. The pressure Suctuation P§ is
unknown. The same procedure in finding the pressure gradient and ¥,-6eld is followed also
10 find the pressure fluctuation and the ¥g-field from ¥g-momentum equation. It gives:

P2 = (P2 Y 4 (P2 ) s (24)

)2 =((F0)° )" +(F0)® ) e (25)
4.1. Initial and Boundary Conditions:

Uniform axial velocity profile is assumed at the inlet of the annulus and equais to the mean
velocity. The radial and tangeatial velocity profiles are assumed (o be zero. The initial
distribution of turbulent kinetic energy & and its dissipation rate & are assumed be to
uniform and equal to that values given by Launder and Spalding [14) for turbulent pipe
flows. All velocity components along the inner and outer radiuses are assumed (o be zero,
expect for the tangential mean velacity at the wall of the inner and outer cylinders. For an
annulus having an inner cylinder of radius r; and rotates with angular velocity @, while its
outer cyliuder is of radius ry and rotates, also, with angular velocity @4, the flow is
subjected to the following boundary conditions;
at inlet section (z=0) and r;<r< ry y, = V¥, (fat profile at entrance)

k=0.003v! , £=C,k?/(0.03r,)and P=Py=-y] /2
atthewalls 220 and r=r, V,=V.=0and Vg = 0, r;

220 and r=r; Vi=V.=0and ¥y = 0, r,
Sully developed flow 313z = 0.0 except (&Plaz * 0.0)
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4.2.Near Wall Treatment :

The k-¢is valid only in high Reynolds number flows far from the viscous flow near the wall.
Therefore, special treatment is veeded to take into account the effect of fluid viscosity on
turbulence, particularly, wall shear stress 1, the produstion of turbulence energy £ and its
dissipation & near the wall. The procedure is based on the analytical solutions of the thin
Coutte-flow type region which extends from » =230 to the wall, where (+* = r 1,/v). This
procedure is biased on the assumption that the Log-law:

U o iy,
6’07 " n(E r") crvemeerrnseaeennransesaenene (26)

is valid over the uniform shear stress region (0< r*</, ) where

Vo), = J1./p, x=0.42 (Von Karman constaot) and £ = 9.0 for smooth walls,
Using the simplification [11]

To(=t)=p C ke

to caiculate (Vg )p the wall shear stress 7, can be obtained as:

W ok C¥ K [[(Mo)= Wo)p | 7 IM(E ri ) v (27
re =pom CY kii/n ceteeereeeeereeree e (28)

subscripts p and w denotes the node p and the wall conditions, respectively. In cquatiou
(27), the quantity {{¥5).. -¥g)p] is employed to account for the rotation of walls.

The production of turbuience near the wall can be obtained from transport equation &. It
was modified in order to take mto account the effect of wall sbear stress 1. From equation

(16) the term, v, v. {8V, /Br), is the dominated part of P, and is denoted as ,P’;,_

W, q. OV 1. (Vo)

P;_ = =WV Vs

or p or p xr
therefore, P =1t " x o, e D)

The dissipation rate near the wall, z‘, was obtained from the assumption that the length
scale of tusbulence is L = &%/ which is related to the mixing lengthas L = ¢’ x r, .
thus,

g o OFE B Laep G s (30)

5.RESULTS AND DISCUSSION:

The axal air flow in four gaps, at radius ratio 0£0.333, 0.5, 0.6 and 0.75, rotating at wide
range of angular velocity ratios is used in this study. Positive and negative angular velocity
ratios as well as inner cylinder rotating only aod outer cylinder rotating only were
mvestigated to give a range of flow Reynolds number 6.62x10°< R, < 16x10° and rotational
Reynolds numbers 2.43x10° SRy <48x10*. The effect of these parameters on the flow
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pattern and friction head loss was studied. In all numerical coroputations a non-uniform gnd
in the radial direction is employed depending on the axial velocity gradient. Tweuty nodes
in the radial direction were used to give grid-independent solution for this flow. Five
iteration were found to give a converging solution.

icient in Rotatin ncentric

in all the test runs axial Reynolds number R, was higher than 10°, so the flow is turbulent
when both pipes are held stationary. Therefore, for Rg = 0, the friction head loss coefficient

is equal that value calculated fom Blasius equation for smooth pipes /= 0.3/64 ™.

When rotation begins, it is obvious that A=(T,)/(172) ¥1  dewviates graduaily from /.
Rotational hydraulic friction head loss A increases with mcreasing the aspect ratio (/b)) and
reaches a constant value at /5 = 50.

Figure (1) shows the variation of the friction coefficient ratic AJf with radius ratio at
different angular speed ratios ¢ for aspect ratio (/b= 50.0). The figure indicated that
increasing the angular velocity ratio increases the friction coefficient ratio (Rg /R,
increases), For constant angular velocity ratio and constant axial velocity ¥, = 50 (n/s), it is
clear that Mf increases with increasing the radius ratio figure (1-a). For the case wheo outer
cylinder is cotating only (m, = 0), increasimg the radius ratio has an opposite effect on Mf
where it decreases with increasing the radius ratio as shown in figure (1-b). This can be
explained as, increasing the radius ratio decreases the tangential velocity gradient which in
turn reduces the friction coefficient ratio. The figure shows that the friction coefficient ratio
is greater than unity( M/ 21).

The change of the friction coeficient ratio MJf with axial Reynolds number R, in a gap at
radius ratio = 0.5 for different angular velocity ratios is preseated in figure (2). Figure {2-1)
shows that for constant angular velocity ratio, M/ increases with increasing R, (Rg /R,
decreases as Ry is coostant). For outer cylinder rotatiog only (w, = 0) shown in figure (2-
b), M/ increases with increasiog the angular velocity w, also, while it decreases with
increasing the R, (or decreasing Ry /R,).

The wvanation of the friction coefficient ratio with the rotational speed ratic ~... be
explained by examining the velocity profiles in the gap of the rotating cylinders. .

5.2. Mean Velocity Distribution and Turbulence Intensify:

The development of the flow parameters with the downstream distance for a gap having
radius ratio 0.75; rotating at angular speed ratios @=-2, ouler cylinder rotating only, inner
cylinder rotating only and & = 4; are presented in figures (3 10 6) respectively. Comparison
between the (low parameters for stationary (dashed lines) and rotating cylinders (solid
lines) are presented. The dimensionless meao axial and tangeatial velocity profiles [V,

AV D max and_lig' A¥8)max], turbulence intensity profiles \[:_JI(V:),,W, and shear stress
distribution v, v./(¥,)]_ in the gap verses the dimensionless radial distance (r-rY(ryry)

are predicted for aspect ratio /b = 50. Seven downstream stations (/L = 0.04, 0.12, 0.3
045, 0.6, 0.75 and 1.0 respectively) for a flow at axial Reynolds number R, = 6.62 x 10°
were chosen. The dimensionless axiai mean velocity V. AV.),a. Was found to be self
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simiar after /L = 50. The velocity profiles ¥, /(¥ )max change aloog the annulus, as shown
in the figures, for various valucs of Rg. The axial mean velocity profiles remaia flat up to
distance 7/1. = 0.30. As z/L increases, the velocity profiles deform gradually, dueto a
stabilizing effect of the centrifugal force of the swarling flow. Lavan et ai [15] indicated in
their theorctical work that reverse fow is to be expected near the wall at the entrance
region of the pipe. for large Rg. At /L = 50 and more downstream, the velocity profiles
become approximately independent of the axial distance from the inJet. For a gap at
constant radivs ratio, the comparnison between the mean axial velocity profiles at deferent
angular velocity ratios indicated that the maximum velocity teods to move far from the axis
of rotation as the angwular velocity ratio increases while it is not affected by increasing axial
Reynolds number R,, as shown in figure (8-a). For constant angular velocity ratio,

increasing the radius ratio tends to shift the maximum axial velocity towards the axis of
rotation as shown in figure {9-a), which agrees with Mansour 5] for lammar fiow.

Figure (7) shows the response surface for the development of the dimensionless tangential
mean velocity Vg AVg)max for different angulas velocity ratios for a gap at radius ratio 0.6
and axial Reynolds number R,= 6.62 x 10,

When both cylinders are rotating at opposite directious at @ /w, = -2 and axial Reynolds
number R,= 6.62 x 10°, the Dow at every point is turbulent. Figure (3-b) shows that, the
tavgential mean velocity distribution neac both cylinder walls is sharply inclined, whereas it
is much less than that in the middle of the gap. As Ry is increased, this trend is more-

poticed. The turbulence intessity Jv_,’i( V. hmaoe Ogure (3-¢), shows a peak near both
cylinder walls. It was found that, this peak value increases as Rg grows larger. Yamada {16}
noticed that, once Ry exceeds 5040, the Duid is divided into two distinct regions of laminar
and turbulent flows, This is the formation of a so-called spiral turbulence in which 2 laminar
flow portion and turbuient Dow partion coexist like a double-screw pattem. He also
noticed that, when both cylindess rotate in opposite directions, Taylor vortices and spiral
turbulence develop simultaneously or one afler the other, depending upoo the rotational
Reynolds number Ry, and they coexist in the gap.

When the outer cylinder is rotating at Rg =7274 wiiile the mner one is stationary (@), = 0),

the turbulence intensity Jj/(lr';)mm, sharply increases as shown in figure (4-¢) and the
velocity gradient {v) increases slightly, figure (4-b). Yamada [16], found the same
phenomenon in bis experiment, and he noticed that the flow becomes spiral turbuleoce.

Figure (5)shows an axial flow at R, =6.62x10 with the inner cylinder rotating at Ry =2425
while the outer cylinder is stationary (w; = 0). The tangential mean velocity profite, figure
(5-b}, shows a flat portion, in the meddle, up to z/L = 0.6. The velocity distribution shows

self-similarity case after /b= 50. The turbulence intensity \ﬁ?!( Y Imax Bgure (5-c), has a-
peak value near the inner cylinder and the axis of the flow tends to wove towards the outer
cylisder. This peak value decreases with increasing both tbe radius ratio and the axial
Reynolds number R.. These results agree well with that obtained with El-shaarawi et al
[17] for turbulent fiow in an 2nnulus with inner cylinder rotation,

When the outer cylinder and the inner cylinder are rotating in the same direction (a=@/@,=
4), shown in figure (6-b), the tangential mean velocity profile indicated two peak values
near the rotating wails with high velocity gradient. The velocity gradient reduces as the
low goes downstream. The turbulence intensity, figure (6-c), increases gradually from the
outer to the inner cylinder and it has a steep change near the inner onme. In the fully
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developed region, the flow is stabilized and Yamada [16] found that, the flow is laminar
even at Rg =5000, because the laminar flow regime increases up to a high Ry as the angulac
velocity ratio approaches unity.

5.3. Sheari ress:

The dimensionless sbear stress, ve ./ (V1) , increases as the flow goes down-stream as
shown m figure {3-d). It decreases with increasing both the radius ratio and axjal Reynolds
number, figures (8 and 9). The shear stress was found to be reduced as the rotational
Reynolds oumber increases. In the case of outer cylinder rotating while tbe inner cylinder is
fixed, an opposite trend is obtained.

6. CONCLUSIONS:

Nonswirling turbulent axial flow between two conceatric rotating cylinders was studied
oumerically. The flow pattem and the hydraulic resistance in the gap were investigated in
the ranges of flow axial Reynolds number 662 x 10°SR, <5.16x10% and rotational
Reynolds numbers 2.43x(07<Rg < 7.48x10* The flow parameters o both entrance and
fully developed regions were predicted.

The results can be concluded in the following points:

I) For constant axial Reynolds oumber R,, the bydraulic friction coefficient, J/f. in the
initial region is function the rotational Reynolds number Rg and the downstreamn distauce
z/L while after /L. > 50, it depeuds on the rotational Reyuolds number Ry, only.

2) In the fully developed region, the hydraulic friction coefficient increases with increasing
(Rg /R,). For the same the angular velocity ratio, it increases with increasing both (Rg
/R,) and radius ratio r/r,. It is generally less than unity except for the case of the
cylinders rotating in opposite directions.

3) In the case of outer cylinder rotating while the inner one is stationary; the friction
coefficient ratio, A/f, increases with increasing the angular velocity of the outer cylinder
@9. For constant w,, the swirling velocity given to the (Jow by rotating the cylinder tends
to shift the flow gradually to laminar flow which in turn reduces the friction head loss
coefficient ratio. Reducing the radius ratio increase the rotating area which in tun
allows the fow more to reach laminac flow case that decreases ML The friction
coeflicient ratio, M, is geuerally greater than unity.

4) The axial maximum roean velocity tends to shift towards the axis of rotation as the
radius ratio mcrease while there is no effect of increasing the axial Reynolds number R,
on the location of the axial maximurn velocity.

5) The turbulence intensity and shear stress reduce with mcreasing both the axial Reynolds
number and radius ratio. The effect of increasiog the rotational Reynolds number is to
reduce both turbulence intensity and shear stress while they increase with increasing @,
in the case of stationary inner cylinder.

7. NOMENCLATURE:

b Gap width= r;- r,.

Cer, Cez Constants in the 4-£ model.

Ces Constaot for the additional dissipation term.
Cu Eddy viscosity coeflicient.

S/ Hydraulic friction coefficient for stationary cylinder.
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k Turbulent kinetic energy.

L Pipe length.

Py Productioa term in the & transport equation.

R, Axial Reynolds number = 2Ub/v.

Rq Rotational Reynolds nurnber = | @, -, |73 -ri)/2v.
r Arbitrary radius in the gap.

LN Hyd’l“ﬁcl‘diﬂs:z(l)- r,)’Zb.

Ty Radius of inner and outer cylinder respectively.

M= r/r, Radius ratio.

r8z Cyliodrical coordinate system.

T Te Diffusion term in & transport equation aad € transport equation respectively.

V, Va ¥,  Axial, tangential and radial mean velocity respectively.
Vo Ve Vr Axial, tangential and radial turbulence fluctuation component respectively.
v v Reynolds shear stress.
Dissipation rate of the turbulent kinetic energy &
Aagular velocity.
Fluid density.
" Fluid dynamic viscosity.
Fluid kinematic viscosity.
Turbulent eddy viscosity.
Oy t» Ogy Turbuleot Prasdt] aumber in k and € transport equatioos.
T Shear stress.
o Angular velocity ratio = ©; / @,.
). Rotational bydraulic friction coefficient.
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