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ABSTRACT 

112 this paper I have constrzrcted n graph associated 

to the n-simplexes of an n-simplicinl complex and its 

simplicnial folding in a natziral way. This graph is 

connected and sertex traizsitive for simplicaial neat 

folding. 

By 21sirlg this grnph I obtained the necessary and 

szlfJicient condition for a simplicial map lo be a simplicia1 

neat folding. 



INTRODUCTION 

C 

Let K and L be simplicial complexes, a simplicia1 map q4 from K 

to L, 4 : K +L is a simplicial folding if for every z and all o E K(0, 

&o) E ~ ( i ) ,  i.e. a simplicial ma p 4 is a simplicia1 folding if 4 maps 
,. 

i-simplexes to i-simplexes,[2]. In the case of oriented simplicial 

complexes it is also supposed the 4 maps oriented i-simplexes of K to 

i-simplexes of L but of the same orientation [I]. 

Let K and L be simplicial complexes of the same dimension n. A 

simpiicial folding f : K -, L is a simulicial neat foldingif and only if 

there is a siplicial subdivision on L for which L(*) consists of the single 

n-simplex, Int L, [3]. + 

2. The Graph of a Simplicia1 Folding 

Let 4: K+L be a simplicial folding. By using the simplicial 
subdivision of K we show in the followins that there is a graph G# 

associared to the n-simplexes of K and the simplicia1 folding 4 in a 

natural way. 

In fact the vertices of GI are just the it-simplexes of K and if o Y 

and a' are distinct n-simplexes o fK such that &a) = do'),  then there 

esists an edge E with end points cr and a'. 

The graph Gp can be realized as a gaph Gp embedded in R' , as 

follows: For each n-simplex achoose any point 1) G a. If 0, o' E K(l7) 
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are end points of an edge E , then we can join v to v'by an arc e in R ~ ,  

[4]. The correspondence o + v, E + e is trivially a graph isomorphism 
from Gb to GC This construction has a greater significance in the case 

of simplicial neat foldings as we show in this paper. 

It shoul be noted that the graph G4 neither has more than one 

edge joining a gien pair of vertices, nor an edge joining a vertex into 

itself. 

2.1 Tiheroem: 

The graph G+ is disconnected unless # is a simplicia1 neat 

folding. 

Proof: 

Let o and y be distinct n-simplexes of K(") and let o -y+ measn 

+(o) = +(y). It is clear that the relation - is an equivalence relation. 

Hence the quotient set /-=([GI, o E Kfn)) is a partition on K@) 
where [o] is ihe equivalence class of any n-simplex o. It follows that 
Gp has more ihan one component otherwise all the n-simplex of k will 

.I 

be mapped to the same n-simplex of L which in fact is the case of 

simplicia1 near folding. In the last case there will be a unique 
equivalence clsss [o] and hence hence the graph Gb will be connected. 

From t h t  above theorem we see rhat the number of components 
of G+ is the same as the number of equivalence classes. 
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I now explore the behaviour of the graph G+ on these 

equivalence classes. 

2.2 Theorem: 

Let 4 be a simplicia1 folding from K to L, then each component 
of Gg is a vertex transitive on itself 

Proof: 

As we saw by theorem (2.1) 4 defines a partition ([o],o E K(l7)) 

on the set of n-simplex in K. Each equivalence class represents a 

component of G( Now, consider one of the components G: , with say 

r vertices, i.e I v (G~) /  = r. Each vertex in Gi is adjacent to the other 

vertices in the component; then any permutation of the set v (G~)  is an 

automorphism of Gi . Thus the set of all permutations 

(automorphisms) form a group which is the symmetric group S,. acting 
on the set v(G~). The orbit of any cr E v(G~)  under Sr is the whole set 

V(G: ) i.e. VG;) has a single orbit and hence the automorphis group Sr 

is transitive on V(Gi). 

By using the above theorem I have the following results for a 

simplicia1 neat folding 4 : K 
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(i) The symmetric group S,., r =I ~ ~ ~ ) l  acts transitively on the graph G4 

(ii) G4 is a vertex transitive. 
1 

From the above results, I conclude that the graph G4 of a simplicial 

neat folding is a complete graph. 

3. The Simplicia1 Neat Folding And Its Associated Graph. 

I first show that it is suficient for a simplicial map to map n- 

simplex to n-simplexes be a simplicial folding, we use homogeneously 
> n-dimensional simplicial complexes (i.e., every simplex is a face of 

some n-simplex of the complex.) for this purpose to avoid such a 

complex shown in Figure (I), [I]. 

Fig. (1) 
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3.1 Theorem: 

Let K, L-be homgeneously n-dimensional simplicial complexes 

A simplicial map q3 from K to L is a simplicial folding if and only if 4 
maps each n-simplex in K to an n-simplex in L. 

- 

Proof: 

The necessity condition is obvious. For the converse we have t~ 

show that the given condition is suficient for a simplicial map to map 

each i-simplex of K to an i-simplex of L and hence is a simplicalal 

folding. 

Suppose y = (d w' ... &-I) be an (n-1)- simplex of K such thast 

a (y) is not an (17-1)- simplex ofL, i.e., ($OF @I' ... @ @ - I )  has at least 

two identical vertices. Now, since K is homogeneous, then y is a face 
of an ,I-simplex of K, say (OF w' ... @-Iv). But &wO o' ... OF-lv) = 

(409 &i,, ' -.. #w"-lqh) is not an n-simples ofL and hence contradicts 

the gien condition. By the same way we can show that @ maps each f- 

simplex of K to an i-simplex of L for i = l,2,3,. ..., n-2. 

From the above theorem a simplicial map 4 from K to L isa 
simplicial neat folding if and only if 4 maps each n-simplex of K to t k  

single il-simplex , Int L. 
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3.2 Theorem: 

A simplicia1 map 4 of homogeneously n-dimensional sirnplicial 
complexes is a sirnplicial neat foldin if and only if the graph G+ is a 

1 

complete grah. 

Proof: 

If 4 : K + L is a sirnplicial neat hiding then the graph G+ is a 

complete graph. conversely consider a sirnplicial map 4 : K +L. 

Construct a graph Gin the same manner as that mentioned before but 

noting that $ is just a simplicia1 map. A gain there would be an edge 

between two vertices o, a' E K(n) if 4 (o) = 4 (o'). Now 4 (K)  = L is a 

simplecial complex of dimension n, then there would exist at least one 

vertex v in G. Since the graph G is complete, then each other vertex in 

G will be adjacent to v, i.e., all the n-simplixes of K will be mapped to 

the same n-simplex in the image of 4 .  From theorem (3.1) it follows 

that 4 is a simplicial neat folding. 

3.3 Examples: 

F (a) Let K be a simplicia1 complex such that I K I  is the upper 

hemisphere with the simplicia1 subdivisions shown in Figure (2). 
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Fig. (2) 

Let : K -+ K be given by, 

4 (n,b,c,d,e) = (c,d,c,d,e). 

Then #J is a simplicia1 neat folding and the graph G+ is a complete 

graph. 
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Here v,, v, v3, v, are the 2-simplexes (ned), (dec), (ceb), pea). 

(b) Let K and L be simplicial complexes such that I K I is a 
tetrahedron and L is a 2-simplex [uvw] see Figure (3). Consider a 
simplicial map 4: K K L defined as follows: 
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It is clear that G,+ has four vertices but only one edge and hence 

is not a complete graph. Thus 4 is not a simplicial neat folding. This 

can be easily seen since the 2-simplexes (abd), (acd) are mapped to the 
1 

I -simplexes (trv) and (zw) respectively. 

We know that for simplicial foldings the graph G+ consists of 

components each of which is complete. In the following example we 

show that the converse is not true. 

(c) Let K be a simplicial complex such that I K I  is homeomorphic 

to a disc with the triangulation shown in Figure (4). 
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Let 4 : K +K be a simplicia1 map defined as follows: 

The graph G4 has three components; each is complete, but 4 is 
not a simplicial folding since the images of the 2-simplexes (ghk), (hko, 

(klm) are the 1 -simplex (de). 
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