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ABSTRACT

A theoretical analysis for functionally gradient materials (FGMs) of [-section beams is introduced
in the present study. Analytical methods are set in the form of equations, in order to provide a
method for predicting the normal stress distribution of the FGMs beam under axial load and
bending moment; using the effective principal axes. Considering the elastic modulus to be a power

function, the effect of the non-homogeneity parameter on the distribution of the normal stress, as

well as on the position of the neutral axis along the beam height, is discussed. The results obtained
show that the non-homogeneity parameter has a great effect on the normal stress distribution and
on the position of the neutral axis.
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1. INTRODUCTION

Functionally gradient materials (FGMs) have been
widely used in modern industries including aviation
and aerospace, mechanical, transportation, energy,
electronic, chemical, biomedical and civil
engineering. The . functionally gradient materials
(FGMs) are a class of advanced composites
characterized by the gradual variation in
composition, microstructure and material properties.

The study of the functiomally gradient material
(FGM) problems has already been tackled by many
investigators [1-3].

In thermal problems, Dai et al. [4] have introduced a
method of lines to solve the temperature field of
FGM while Hosseini [5] has studied the coupled
thermoelasticity behaviour of functionally graded
thick hollow cylinders. An elastic—plastic stress
analysis of FGM plates under a transient thermal
loading cycle that congists of heating followed by
cooling is carried out by Nemat-Alla et al. [6].
Whereas, the mechanical and thermal stresses in a
functionally graded rotating disk with variable
thickness due to radially symmetry Ilpads are
discussed in [7]. ‘

The static and kinematic shakedown of a plate made
of functionally graded materials (FGMSs) is analyzed
by Peng et al. [8]. Theotokoglou and Stampouloglou
[9] have discussed the elastostatic problem of a

hollew nonhomogeneous cylindrical tube’ under
internal loading, analytically.

The effect of the weak-discontinuity and micro-
discontinuity on the dynamic fracture bebaviour of
the coating—substrate interface are discussed in [10].
However, Li et al. {11] have studied the transient
response of FGMs with a finite crack under anti-
plane shear impact. Moreover, the anti-plane impact
fracture analysis was performed for a weak-
discontinuous interface in a symmetrical fanctionally
gradient composite strip by Li et al. [12].

Ozturk and Erdogan [13] are calculated the stress
intensity factors as functions of the nonhomogeneity
parameter for various loading conditions. The anti-

- plane fracture analysis for a functionally graded

coating—substrate system with a crack inclined to the

weak/micro-discontinuous interface was performed

by Li and Lee [14].

The stress distribution in rotating two composite
structures of functionally graded solid disks is
discussed in [15], while the characterization of laser
powder deposited Ti-TiC have studied by Zhang et
al. [16]. -
The mechanical property gradient of the examined
material, such as the elastic modulus or the shear
modulus in the pervious studies was assumed to be
some certain function such as a lincar function, a
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power funcnon an exponentlal function or even .a
hyperbelic function. -
The most wide-used in engineering components is
the beam, which mechanical behaviour has an
important value for studying. Thus, the aim of this
paper is to present a theoretical analysis for the
FGMs of I-section beams under axial load and
bending moment. In addition, studying the effect of
the non-homogeneity parameter on the normal stress
distributions is also ome of the targets of this
research,

2. THEORETICAL ANALYSIS

The mechanical model of the FGMs beam, of I-
section considered in this study is shown in Fig. 1. In
which H, B, h and b are the height, width of the
flange, thickness of the flange and width of the web
of the beam, respectively. The beam is subjected to
an axial load N, and a bending moment M. The
elastic modulus is assumed to vary continuously in
the direction of the height only. Thus the elastic non-
homogeneity is assumed to be in the following
exponential form [3] '

EQY)=Ee"" | _ 4

where E, is the elastic modulus at the origin point O;
(m) is the non-homogeneity parameters.

For the above-mentioned FGMs beam, the traditional
centroidal principal axes are no longer suitable for
the analysis of the normal stress. The following
analysis is based on the effective principal axes
through a new coordinate system oxy with the point
o(0, aH) in QXY as a new origin where

y=Y—aH (2)
is the effective vertical principal axis, whereas (a) is
the position parameter of the effective principal axis.
The value of the parameter (a) is related to the non-
homogenous parameter {(m) which will be determined
later on. In the new coordinate oxy, the elastic
modulus of the beam may be expressed as follows:

E()=Ee” ®)
where E, is the elastic modulus at the point o{0,aH)
and may be expressed as

E, =Ee™" (4)
The normal stress subjected to the FGMs beam may
be expressed as:

o, =Ee"e, | (5

The beam is assumed to be stressed by an axial load
{(N,) and a bending moment (M}. Assuming the linear
strain produced by the axial force are the same for
the different points in the cross section, Moreover,
the curvature (p) produced by the bending moment is
the same too. Therefore, the equation of
compatibility for the beam is expressed as follows:

552

5 =5+ 6
TR (6)
The previous equation assumed that the beam is
loaded by the axial force and the bending at the same
time. &, is the homogenous axial linear strain in the
cross section, p is the radius of curvature of the

beam,

Thus the equilibrium equations of the above-
mentioned beam, under axial load and bending
momment, may be expressed as [17):

N,= Io'di h

I

Substlmtmg in the previons equation with Eqs (5-6),

-

yields to: .
Bi2 {(-aH +h)
= TP g2
-Bi2 (-aH}
m (H- nH—h) ‘
ergfroe
—m (—uH+k .
afz (H—a.h’)
[ ] " s ®
—m (H—nH—h) .
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( Pt ] " dydz ‘
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812 (H-aH)
+ J- _[ E(s y+— J ™ dydz (9)
) —Bi2 (H—aH k) P ‘ '
As in [1], assuming that:
(—atr+h} (H—aH~h) (H-afl)
_[ ye™dy + Jye”ydy+ Iye”"’dy=0 (10)
{-aH) (~aH+#) (5 ok ~h)

Using the previous assumption into Eqs (8-9) the
following is obtained:

N, =gEA an
Er ]

M= (12)

P
Where
A= B[(em?ﬂ - IXemH +BWH)+ Se (em(l-y)h' _ em,ﬁ )] )
= o ) (13)

BH?

I'= .C, . (14
meamH 1 ( )

C, (1 —aYe™ +(1-6)(a-y)em™

~(1-6)(1-a—y) ™M —g* ()
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b h
= = 16
d B 4 H (16)

‘In which 8 and y are non-dimensional parameters,

moreover; the position parameters (a) of principal
axes y may be determined from Eq. (10) as

|1+e"'”(mH—l)l :
= (17}
“ mH ™ ~1 . (7

The normal stress in the beam may be obtained from
Egs. (5, 6, 11, 12) as

o, =0 +o) . ' (18)
where O';V is the normal stress due to the axial force

N, (Bq. 4, 11) and <:)';:Ar is the normal stress due to
the bending moment M (Eq. 4, 12), therefore

or )=t as)
0¥ () =2t - ar )™ 20

It conld be assumed that, the normal stress &, (Eq.
18) has a zero value at the point of neutral axis,
therefore, the neutral axis equation may be
determined as .

yeag-LN: 1)

A M
3. RESULTS AND DISCUSSION

The mathematical models for the normal stress of
FGMs for I-sections are introduced in the previous
section. The effect of the non-homogeneity parameter
on the distribution of the normal stress and on the
position " of the peutral axis is substantial. The
distribution of the normal stress along the height of
the FGMs beam is displayed in Figs. 2-7. The effect
of the absolute value of the non-homogenecity

parameter (m) on the normal stress O‘f is illustrated

in Figs. 2-3. When the beam is loaded by the axial
force Ny only, it was noticed that the normal stress

N , .
o, in the less hard region of the cross section is

much lower than that in the harder region. Whereas,
with the increase of the absolute value of (mj, the
O‘;N in the less hard region decreases, however, that
in the harder region increases. In Figs. 4-5, the effect

of the non-homogeneity parameter (m) on the normal
stress O‘;W distribution along the beam height is

shown when the FGMs beam is stressed by bending
moment (M} only. As the absolute value of the non-

homogeneity parameter (m) increases, the O, In

the less hard region decreases, whereas, that in the
harder region increases. The effect of the non-

homogeneity parameter {m) op the normal stress G,

distribution along the beam height is shown in Figs.
6-7. These results correspond to the FGMs I-beam
stressed by axial load (N) and bending moment (M)
at the same time. The results demonsirate similar
general trends between Figs 4-6 for m<0 and Figs. 5-
7 for m>0; except that the values are different due to
the effect of the normal force (N). It can be indicated
from Figs. 6-7 that, the value of (m) has almost no
effect on the normal stress along the bearn height at
two points (0.08, 0.4) for m<0 and (0.14, 0.51) for
m>0. It can be concluded from Figs. 2-7 that if the
absolute value of the non-homogeneity parameter
(m) is 0.01, which is almost a zere value, the normal
stress in the FGMs beam is varying straightly with
the beam height (H), which means that the beam is
related to a homogenous material. As the non-
homogeneity parameter (mj increases, the normal
stress varies non-linearly along the beam height.

In Figs 8-9, the effect of non-homogeneity parameter
{m) on the position of the neutral axis atong the beam
height is displayed for FGMs beam under axial load
and bending. As the absohute value of the non-
homogeneity parameter (m) increases, the position of
the peutral axis transfers towards the hard region.
Moreover, it can be found that, the position of the
neutral axis within the beam height (0.6) is about
0.217 for m={0.01 | which relate to m~0 (ie. the
homogenous beam). This demonstrates the method of
the effective principal axes for the FGMs beam.

4. CONCLUSION

The stress analysis of the functionally gradient
material (FGM) for I-section beam has been carried
out to investigaie the effect of the non-homogeneity
pirameter (m) on the normal stress distribution along

_ the beam height with different loading cases. The

beam was subjected to an axial load with a bending
moment and it was assumed that the elastic modulus
to be a power functions. The effect of the non-
homogeneity parameter (m) on the position’ of the
nentral axis has also -been examined. The present
work could be applied to any FGMs of I-section,
which can provide reference for the design of the
functionally gradient materials beams in engineering.
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Fig. 1 The mechanical model of FGMs beam of I-section
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Fig. 2 The O'iv distributions along the FGMs bieam height with different (m) values
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Fig.3 The o f distributions along the FGMs beam height with different (m) values
(H=0.6m, B=0.3m, §=y=0.2, N,=20kN, M~0)
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Fig. 4 The O‘f distributions along the FGMs beam height with different (m) values
(H=0.6m, B=0.3m, §=y=0.2, N.=0, M=20kN.m) |

Engineering Research Journal, Minoufiya University, Vol. 32, No. 4, October 2009 555




A. El Megharbel and H. Abd El-Hafez "Stress Analysis of FGM for I-section Beams”

e 111520, 01

"';I - T T

2 04 06
Beam hieght (m)

Fig. 5 The O'f distributions along the FGMs beam height with different (m) values
(H=0.6m, B=0.3m, 6=y=0.2, Ny=0, M=20kN.rm)
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Fig. 6 The o, distributions along the FGMs beam beight with different (m) values
(H=0.6m, B=0.3m, 5=y=0.2, Ny=20kN, M=20kN.m)
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Fig. 7 The o, distributions along the FGMs beam height with different (m) values
(H=0.6m, B=0.3m, 5=y=0.2, N;=20KkN, M=20kN.m)
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Fig. 8 The relationship between the position of neutral axis in the cross section of the FGMs beam and the beam
width (B) with different (m) values (H=0.6m, B=0.3m, 5=y=0.2, N,=20kN, M=20kN.m)
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Fig. 9 The relationship between the position of neutral axis in the cross section of the FGMs beam and the beam
width (B) with different (m) values (H=0.6m, B=0.3m, §=y=0.2, N;=20kN, M=20kN.m)
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