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VELOCITY PROFILES IN THE TRANSITION LENGTH
OF A RECTANGULAR TUBE
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ABSTRACT :A new ad hoc technique for solving the Navier - Siokes’ equation and

determining the velocity profiles through a rectangular tube transition length, is mtroduced. This
technique 1s very simple in application and in calculations,

NOMENCLATURE

%, y,z = Rectangular coordinates.

P = Static pressure,
g = Gravitational acceleration.
a = Width of rectangular section
b = Height of rectangular section.
o = Density of the liquid.
v = Kinematics viscosity of the fluid = Wp.
Tl = Dynamic wiscosity.
u = Velocity
uy = Fully developed velocity in rectangular section..
uc = Fully developed velocity in equivalent circular section.
uce = Entrance velocity.
Lt = Transition length.
INTRODUCTION

When an incompressible fluid flows in a pipe, the wall shear stress is very large at the entrance
and generally decreases in the direction of flow to a fixed value The velocity profile also changes,
then it reaches a fixed profile. When the wall shear stress, and the velocity profile reach constani
conditions, the flow is called fully developed flow

[n order to obtain the velocity profiles in the transition zone, the Navies-Stokes' equation must be
solved, which is a non-linear partial differential equation, no general exact solution is obtainable for
it Exact solution have been obtained [or only a limited number of laminar flow situations for whuch
some terms of the Nervier-Stokes' equation are neglected, the integration is then possible

Langhaar [l], sclved the Navier-Stokes' equation for the case of the steady flow in the transition
length of straight circular tube, by means of a linearizing approximation. Langhaar defined the family
of velocity profiles by Bessel functions. Sabry [3], presented a high complicated, mathematical
concepts o study the flow field wn  the entrance zone of a rectangular duct, by using regular
reductive integral equations method therefore, the objective of the present study is to fined a new

technique to study the flow patterns in the entrance zone of a rectangular tube by means of solving
the Navier - Stockes’ equation
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This new technique makes it possible to obtains the velocity profile at any section of the
rectangular tube throughout the transition length by a very simple mathematical tools.

FORMULATION AND SOLUTION OF THE PROBLEM
The Navier-Stokes’ equation is
du 1 3p Fu du
—‘—=gz“""-——+\/' —2+——2+—"—2
ot p oz a;x: oyt oz
For a .Rlow field in the entrance zone of a rectangular tube, the following boundary conditions can
be consedered

(N

u=1I at z=0

u=0 at y=+b
u=0Q at x=ta
u=LU; at z=LT

[t is required to obtain the velocity profiles through the different sections along the transition
length. A new technique was developed. this technique can be summanzed in the following steps

- Substituting the rectangular section to an equivalent circular section,
2- Drawing the velocity curves for the equivalent circular section,
3- Determining the fully developed velocity for the rectangular section, and
4- Conformal mapping.
1 - Substituting the rectangular section to an equivitlent circular section :

Substitute the rectangular section by an equivalent circular section having the same hydravhic
radius and Reynolds number.

2 - Drawing the velocity curves for the equivalent circular section :

The velocity curves for the equivalent circular section can be easily drawn along the tube at
different section, for example see [1] and [4].

3 - Determining the fully developed velocity for the rectangular sectipn :

For the case of steady flow du/ét = 0. lu the region in which flow is fully developed dp/dz is
constant and the term $2w/dz2 can be neglected.

Then the Navier-Stokes' equation becormes :
2

dp du_ azur

pg —-+p| —-+

z 3z aXZ ay2

Owing to the symmetry about x and y axes. It is easier to consider one quadrant. If the equation is

=0 i i D

dirnensionless, the solution will be applied to all geometrically similar cross sections

A coordingly, it is important to introduce the following non dimensionat variables -
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X =§;5 .................................................................................... .(3-a)
Y| :E}}’E ...................................................................................... (3—b)
v=( H u o T e e, (3-¢)

(b2 4)pg ~dp/on) T

Then by substituting x, v, and u; as given abave into eq. (2) yields

a'v v :
—2—2*4-—{—2: =1 S (4) -
9% 9%
Subjected to the boundary conditions -
0 < Xy < afb
0g ¥) % {

Finite element method will be employed 10 solve equation (4) by using FORTRAN computer
program and the velocity (vij) at any point (i,j) will be determined. To determine, the fully developed
velocity (u,‘_j) at any point (i) the value (pg, - 6p/dz) is needed, and this term can be evaluated

where :
ur: average velocity = flow rate/area.

V : average (v) over the cross sections.

. .~ - o )
Finally, knowing {ur} ,and (v) we.can get pg — 2 from equation {5). And from equation (3-¢)
get g, o

we can get u|-ij .
4 - CONFORMAL MAPPING

Since the entrance velocity (ucg) for the two sections (rectangular and circulac) are equal, fully
developed velocity for the two sections (rectangular and circular), and transition length were
calculated, he rectangular velocity curves can be obtaianed from circular velocity curves by
transformalion mapping of the Z-plane (circuiar axial velocity) to the W-plane (rectangular axial
velocity). These transformation is illustrated in figure (1).

____________

Figure (1) : Conformal Mappings
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where
Z{X) =X FY 1 o e e i (8)
W= U4y =(a)c +ay (x+y i)+(bx +by 1) e L (B)

By substituting (ay, 3y, bx. by) and (x, y} in equation (8) Lhe velocity curves can be easily drown
along the rectangular Lube at any peint of section. After that, the velocity profiles can be gotien at
any section along Lhe tube by driving it from Lhe velocity curves resulis pervious. Figures from (2) to
(9} illustrale the velocity prolifes for different rectangular sections (caicufated by the new technique).
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TFigure (2) - Velocity profiles computed by the new technique, for (a/b = 4)
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Figure (3) : Velocity profiles computed by the new technique, for (a/b = 3)
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Figure (4) : Velocily profiles computed by the new technique, for (a/b = 2)
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Figure (5) : Velocity profiles computed by the new technique, for (a/b = 3/2)
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Figure (6) : Velocily profiles computed by the new technique, for (a/b = 4/3)
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Figure (7} : Velocity profiles computed by the new technique, for {ath = {)
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Figure (8) : Velocity profiles compuied by the new techmique, for (a/b = 2/3)
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Figure (9) : Velocity profiles computed by the new technigue, for (/b = 1/3)
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TECHNIQUE VERIFICATION

Comparing the results of the new technique with the results of Sabry's technique, the velocity
curves match. Figures (10-a), (10-b) show acumpanson between velocily curve samples {or both
techniques.
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Figure (10} : Comparison of velocity curves between new technique and Sabry's technique

CONCLUSION

The introduced technique studies the flow field in the entrance zone of a straight rectangular
tube. The velocity profiles at any section through the entrance zone were obtained, using a very
simpte well-known mathematical toals.

The results obtained agree with the results of Sabry [3), in which very complicated mathematical
concepls were used,

As a future research proposal, it is suggested to apply the suggested new technique for studying
the flow field in the entrance zone of irregular tubes,
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