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ADS’IRACT: A semi-analytical procedure by means of Uhke nodatl tine fintie
difference melhod, early developed by the Avulhor, is presented for bending
analysis  of rectangular  plates with abrupi chunge {n Lhichness {n  one
direction. To ouercome dhe difficulty nriacd from the discontinulty al the
line ef abirupl change in thickwesas, o new form of the difference eqguation
han  been devetoped und incoegoruted in {he technigue  presented,  Numerical
rusuifs obtuined Ly the upplicatron of the proposed wmethod are compared with
those available from anoiher anatwlical aolufion. The compar {s0oR
demeonslrates a close ugrecnend whleh wndicales Lthe egpplicubilily and

versat {ility of the gropened metlusl ar 4 now technidue for soluing a class of

plute bending probiems.

INTHODUCT ol

The mathematical cemplexily encounlered wilh the anatytical solutions o1
two and three dimensional structural problems have prowmpted the development

of numerical methods of analysis. “These numerical methods, while powerful,
and wversalile, have some drawbacks in that usually a large number o
gimulbtaneous algebric equations has to be solved. So, for certain class of
problems, it is worthwhile to develop simplified semi-analytical metheods
of which the finite strip is one. The finite strip method 18 now wel!
established as a special Cinile element Lechnigue for solving a class of tw
and three dimensional structurat problems. It invoives the use of basi:
functions to erpress the displacement wairiation in the leongitudina.
direction of the strip. The earliest forommlakion and bthe subsequen'

,generalization of this method was developed by CHEUNG (1,2,3) for the
analysis of stalic and dynamic problems. ‘The Author (5,61 developed lately
finite strip solubtion with jteration proceduw e, 1in order to overcome the
coupling property which occurs when using basic functions other tha:
trigonomelbric series.



53 youssel AGAG

Recently, a new scmi-analytical preocedure named "Tha nodal line finikte
difference method” (MN.L.F.D) pioneered Ly the Auther, was developed for the
analysis of plate bending problems. In this method the plate is divided ink«
a mesh of fictitious paralle!l nodal lines in one directien. Basic
functions which fit the boundary conditiong at the two oppogite end=
perpendicular to the nodal lines are used to express the displacement
variation along the nodal lines. This melhod is similar in approach to the
finite strip method since both methods call for the use of basic functions
in one direction and reducge two dimensional problems to o©ne dimensional
probiems. The most commonly used basic functions in both methods are the
eigenfunctions which are derived from the solution of the differential
equation of the beam wvibraticen (4). The earliest formulation of the nodal
line finite difference method was developed by the Author [7) who wused a
tricor metric series as a basic function in the analysis of elastic
recranjular plates wikh bwo oppogile simply supported ends. A basic
function other Lthan trigonometric series, is used by the Author [8] to
analyze elastic rectangular plates with two ¢lamped opposite ends. In this
analysis the nodal line finite difference method is used in conjunction with
an iteration procedure bto overcome Lhe coupling property of Lthe static
equilibrium equations. The method has been also extended by the Author (9]
to solve Lhe bending problem of rectangular plates with variable flexural
rigidity in one direction.

Plates with abrupt change in thickness have different applicationz in
structural engineering. Therefore, the bending analysis of such plates has
been the subject of consideralble research interest. The available pertinent
worle on this topic was presented by DBUCHHOLZ (10], who used an analytical
approach in the analysis.

The purrese of the present work 15 lo extend the application of the
nodal line finite dif{lerence method for the analysis of rectangular plates
with abrupt change in Lhickneess in one direction. ‘The discontinuity of the
plate at the line of abrupt change in thickness precludes the application of
the method and necessilates derivation of special difference eguation at
that line. Herein, a new form of the difference equation has been developed
by considering the equilibrium and compatbtibility conditions just to the
ieft and just to Lhe right of Lthe line of Lhe abrupl change in  thicknegs.
The derivation of Lhis equalion ig similar in concept to that of thie beam
bending with swlden change in depth worksad  out in reference (11}.
Illustrative examples are given Lo demonstrale the wvalidity and the
applicability «of Lhe present technique, where Lhe obbained results have
shown good aorecemenl wilh Lhos~ given by DUCIHHOLZ (10 .

METHOD OF ANALYSIS

In the present study, we shall restrict our attention to the bending
analysis of elastic isotropic plates having abrupt change in thickness in
one direction. It is assumed that the middle surface of the plate is plane
and coincides with x-y plane of the cartisian coordinate system. The plate
is considered as an assembly of plate portions joined together at their
edges. The thiclkness within each plate portion is assumed constant. Fig. 1
shows examples [0 cross-sections of plateg having abrupt change in
thickness and their idealization with respect to the middle surface.
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Flg. 1
a) Hodal Line Difference Bquation .

The differontiol equalion relating the defleclion to the surface load ot
the plotes 18 governed by

BCY 42y ey =y Qo
where C y = of ) C y ' = Dg' and
p= B L° is the flexural rigidi  the plat
= —(J__?J)‘ 15 e exural rigidity o e plate
12(L~-

In order to apply the nodal line finite difference technigue in the present
gtudy. tLthe plake 13 divided inkto a mesh of fictitious nodal }Yines parallel
Lo the lines of abrupt change 1n thickness. The displacement variation atong
the nodal lines is controlled by the choice of a basic function satiafying
a priori the boundary conditions at the ends of the nodal linea. The
displacement function akt apy nodal line is expressed as a summation of the
chosen basic function terms multiplied by a sinole variable functions termed
by the nodal line parameters. The displacement function at any nodal line
labelled kK shown in Fig. 1 can be writbten in the form

.
¥, =m§£ P (x> Y Cyd 2>

For the sake of simplicity, a trigonometric series fitting the boundary
conditiens of two opposite simply supported ends. has been chosen

Y (y) = sln '"a—" y = sin by (3>

Resolving the lead inlo seriens smmjilar Lo that of the chosen bagic ‘unction
and gsubatituting equations (2),.{3) inte equalion {1} glives

rwua

r r
2 Lo _
B mgl[ Fow ~2RIF o+ RDF ) sin Ry = mgi a, , skn Ry €4

Equation {(4) can be written for each term of the bhasic function as

R N i o
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can be trangolformed into a nodat . line

This ordinary differential gquation C erbnique in
difference equation by applying thie central finjte difference £
tha » direction as follows
‘ T
[ A ¢, ay, u:" . .l (. Frovez Frok-s Y Vo et Fm:k‘i}
a* (-3
= o—— q
Ui m. N
! 2 2 2t htn @ a
nhere G o=—Cd+2y" 3, c=C Grday, tyr ), W, and A = —xo
Egquation (6) represents the central nodal line difference equation for the

elastic isolropic plaktes having a constant thickness.

b) Internal Forces

The forces per unit length at any point of an elastic isotropic plate
are connected Lo the displacement through the (ollowing relations

-

Moo= -DCY +u R

r1y=—ucw”+uw")

H =-H O A N

i v €7y
Q. o= - U« vl W'

Q, = - W e

Qo =-0 W ez W= - a””)

Q = L v 1 =00 = J

The magnitude of the inkternal forces at any point can then be obtained as a
sroduct  ©of the nodal line parameters and of the basic function terms at the
“iven point. By appiving the central neodal line finite difference technigue,
he internal forces at any nodal line labelled K can be written as follows

1 == B2 S iiey oF - ¢ F + F > ]
X, k 52 oy ‘m m, k-1 ‘imom, k m, k+i
[ B l\z !;r : - IR} -
”y. k az mé',l san h"'y ¢ UF"‘- k-1 Lm I m, k +UFrl\, X *1)
H = DA% -y zr w cos ky (-7T + F 3
wy. k Zaz s ™ [ m, k-1 ™, k+1 L
5 a5 Lt ) ) 8>
Qx. k == zaﬁ m?.'lsjl“ hmy (-Fm. l:-2+ LmFm, k- I— LmFm, X *1+ Frn. k +2)
= - B2A% ST Lhs ok . Ceh g
Qy, k° ClJ mgl Vrn LS L".Y ¢ lm_ k-1 tum ! m, & + Fm. k+1 2
a3 = - 3 )\3 r - 107 — fe
qx' k. 233 mglslll hmy ¢ F'“, k‘2+ (‘mrm. k=L (Jn\rm, k41+ Fm. k42) J
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rhere C:- = (2 + Ulp‘:') , C:‘ = {2y + w:‘ b R
o _ 2 N - _ 2
Cm = (2 + wm) and G- L2 + (2 u)wm]

0} Equilibrium and Compatibility Conditions at the Line
of Abrapt Change in Thicknesas

The Proposed technigue reguires the application of the nodat line
difference equation (6) at each nodal line of the plate. ‘The application of
thia technique at the nodal lines wibthin each plate portion is quite simple
ond streightforward. This is due to the constant thicknessa, which gives a
apaclified value for the flexural rigidity at any nodal line. The application
«wf Lthe proposgsed technigue at the nodal lines joining the different plate
portions faced with the difficulty arised from Lthe abrupt change 1in
thickness. This abrupt change gives twe different values for the flexural
rigidity just to the left and just to the right of these nodal lines. this
difficulty can be exceeded by introducing a specified effective flexural
rigidity and developing a special nodal line difference equation at the line
of abrupt change in thickness. This can he achieved by congiddring the
compatibility and the equilibrium conditions at this line.

-
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Consider the plate ecrosa-geclion sbhown 1n Fig. 2, which has an abrupt

change in thickness at Lthe podal line labelled k. The flexural rigidities of
the plate Jjust to the left and just to the right of the nodal line k are
deroted by Bkl and Bkr respectively. Let the nodal line digplacemant
parameters at five equally spaced nodal lines be Fm,k-2 . Fm,k-1 , Fm,k ,
Fm.k+1 and Fm.k+2. Extend the two partg 0,1.2 and 0.-1,-2 of the curve
regpectively to the fictitious points _(-1. -2) and ({1, 2} whose ordinates
are { Fm,k-1._Fm.k-2 )} and ( Fm,k+l, _Fm.k+2 ). These fictitious nodal line :
parameters ( Fm.k-2, Fin,k-1., Fm.k+1, Fin.k+2 } can be determined in terms of
" the nodal parameters Fm.k~-2, Fm,k-1, Fm,k., fm,k+l and Fm.k+2 as follows



e

C. 57 Youssef ACAG

mpatibitity Conditiona

For compatibiliby, the deflection aud the slope of the two curves at the
dal Jine X must be the some. thus .

O, = O, 9

r each term m, we get

1 _ = _ 1 -
Ax TR k- T ELke? pr.v SR E o ked? €102
yilibrium Conditions

For equilibrium, the bending moment Mx and the modified shearing force

Just to the left and just to the right of the nodal line kX muet be the
e, that is
1>':,11<|. = “x.kr = “)t,k
- = (i1)
kU Qx.kr - Qx.k

Fer each berm m, we obtain

Fr

kL _ ~3 - - kr - _ 2
vod {Fm.kfl Crn Fm,k+ Fm,k*l) T T=z {[m. k=3 Lm Fm.k+ Fm. k*l) (12>
X Ax
Bl e Y et F
= ¢ Fm.k-2+ Lm Frh.'k-] Lm [m.k“il.‘ Fm_ k"Z)
AX
T + ¢*F -6t r + F > 13>
2&"-53 m, k-2 m  m, k-i o om, kot m, k+2
m oequations (10) ang (12), we get
3 - T : _ 3 _ —
.] k-1 T3 2 = Fm,k-1+ Ci—u2 Lm Fm,k Cl—ud Fm,k*tj
. . 14D
= - - _ 3
P-,k»x TF% [ Ci-x) Fm,k—: C1—x> Cm Fm,k+2 Fm,k“i 1
1]
Were X = -B—kl
kr

Subgtitution of equation (14) into equation (12) gives

—_ . 2 kL 3
3 - T+& ﬂ‘z < Fm.k-i Lm Fm x * m, k*t 2
1]
= - 2x kr - 32
- +x AxZ < Fm.k-l Cm Fra X w, kL J
= - e «F -7 F + F b Qs
A,{z m, k-1 m m, k m, k+1
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Where Bke is Lhe effective Flexural rigidity of the plate at the nodal line
k of abrupt change in thickness

20 B
_ 2 - 2n kL™ “kr
‘Bka T IFx BkL T I¥x Bl.”- = ”kl:F-”k_r (16>

In order to determine the other two fictitious nodal line parameters Fm, k-2
and Fm,k+2, another eguation is needed. This equation can be formulated from
the application of the nodal line difference equations (6} just to the left
and just to the right of nodal line k as foliows

. i 2 1 —_
Bkl (Fm. k-2+ Cm Fm' k-—t+ Cm F\-n, k * Cm Fm. k*1+ Frn, k*2)
© - - .
Bkr (rm.k-2+ L'm m,k-1+ (’m Fm_k + (Jm rm_ k‘1+ Fm.k*z) €T

From equations {13) , (17} and by considering equation (14), we get

-—

- 1 .6 _1-x ]
Fm‘k_2 7 L ” CL+a2 Fm'k~2+ x (l—x> c, Fm'k_1 —= {C1+xD
2 A a3y B3 6 _ - G
(Cm Lm Cm) 2 ¢ C. } Fm'k i u)Cm Fm'k+1 ]
- s L (18}
= e N 1-= 2 _ 3 3
Foxes™ pam LCE-n0 €0 F o+ o caaedce? - 02 e
_ 3 6 _1-x s 1+x
Zme Cm} Fm.k R Lm Fm,k+i+T Fm.k-‘z:} J
d) Hodal Line Difference Equation at the Line
of Abrupt Change in Thickness
The nodal line difference egquation at the line of abrupt change in
thickness can be now_determined by elimipation of the fictitious nodal line
parameters fm, k-2 . Ffun.k-1 . Fm,k+1 and Fm, k+2 f{rom equation (17}. This canrn
be done by substitution of eguations {14) and (1B) into equation (17). The

nodal line difference eguation at the line of abrupt change in thickness can
be written in a matrixz form as

T
g 2 3 e 5
[ C'm Cm Cm Cm Cm ] { Fm, k-2 Fm, k-1 Fm, k F‘n-n, k41 Fm' k*z}

a4
= 53 qa, . 19>
ke
=1 Lt o5 _ 1+ 02 = 1-H ~B_opn5
xhere (.-m = - R LI’I! = =% » Lm - Cm ECm .
G2 = ;2 rae2C?-a-0%e3ell and Gt = - 10X cPpc®

Application of the nodal line difference enuation (6} within the plate
iportions and the nodal line difference equation (19) at the lines of abrupt
'change in thickness leads to a system of simultaneous linear equations. The
final matrix of these equations has a nice property of banded matrices with
small band width equals to 5. This reduces drastically the core storage and
the computer time for execution.
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NUMERICAL EXAMPLES

Two examples of rectangular piates with abrupt change in thickness have
been analyzed by the proposed technigque. Information regarding plate
dimenzions., boundary <conditions and type of loading are token the gome og
thogse for rectangular plates solved anaiyticallv_by BOCHHOLZ . Due to'the
abasence of the numerical values of the BOCHHOLZ's resulte, the comparison
is restricted only to the plotted results. For the sake of compariscn, thq
Author found it useful to represent the obtained reaults of the proposed

technigque 1in a manner similar to that used by BOCHIOLZ {101, The close
sgrasment of both results precludes the representation of the results on the
same diagrams. Therefore, the reaults from the proposed technique were

slotted meparately. For compariscn & ¢opy oOf the plotted BOCHHOLZ's resgulte
is representaed in APPLEHDIX 11,

1. Analysis of rectangular plokte simply supported oo four sidesa subﬁected
to uniformly digtributed load of intensity g9 (Fig. 3}.

Rectangular plate with abrupt change in thickness at one third of the
nediuwm position of the length in v direction. the plate has a ratio of
rectangularty eguals to Ly/Lx = 1.5, Due to symmetry in y directlon, oniy
1alf of the plate is used in the analysis, and divided into a mesh of thirty
sne nodal lines i.e Ax = Lys60. The analysis was carried out for the
first  term @f the basi¢ function only. The results were obtained for
sjelected values of » and plotted as shown in Fig. 3 (a.b,c).
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Analysis of square plate simply supported on four szides gubjected
uniformly distributed leocad of intensity q (Fig. 4}..

Square plate with abrupt change in thickness at the middle of the ler
~dirvection. The plate was divided into a mesh of forty one nodal |:
AX = Ly/40. Due to the symmetry in x direction, only odd terms of
va2c function (1,3,D5,7,9,11,13) conlribute to the results. The analyais

irried oul  for a selecled values of x . The regults were obtained
otted as shown in Fig. 4 {a.b,c¢c,d).
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CONCLUSION

In the present work. rectangular plates with abrupt change in thickness
have been analyzed using the nodal line finite difference method developed
early by the Author. Due to the discontinuity of the plate at the line of
abrupt change in thickness, the nodal line difference equation, derived
directly from the differential equation, is not applicable. To overcome this
difficulty, a new form of the nodal line difference equation derived from
the equilibrium and the compatibility conditions on the 1line of abrupt
change .in thickness has been developed. A comparison of the resuits obtained
by the proposed technigque with those cbtained from the another analytical
solution shows a close agreement and gives the proposed method the wvalidity
and power for subsequent applicationg in the field of two and three
dimensional structural problems.

APPENDIX |

NOTATICHS

W = transverse deflection.

2 ~ length of the neodal lincs.

Lx. L.y = dimensions of plate in x and y diractions.

AX = constant distance between the nodal lines.

E = modulus of elasticity.

t. - thickness within a plate portion.

v I = poisson's rat:o.

B = flexural rigidity within a plate portion.

B,,.B,,. ~ flexural rigidities just to Lhe lelt and to the right of
abrupt change 1n thickness.

o, = effective flexural rigidity at the line of abrupt change
in thickness.

b = ratioc between the flexural rigidities just to the left and

to the right of the line of abrupt change in thickness.

= nodal line poaroameters.

.Y = basic function.

.q = load jntensity.
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PPENDIX 11

T plotted results obtained by BUCHIQOLZ [10]
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